PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: February 21, 2006

ACCEPTED: March 17, 2006
PUBLISHED: April 6, 2006

Towards a string bit formulation of N = 4 super
Yang-Mills

Luis F. Alday,® Justin R. David,’? Edi Gava® and Kumar S. Narain®

@ Institute for Theoretical Physics and Spinoza Institute, Utrecht University
3508 TD Utrecht, The Netherlands
b High Energy Section
The Abdus Salam International Centre for Theoretical Physics
Strada Costiera, 11-34014 Trieste, Italy
¢Instituto Nazionale di Fisica Nucleare, sez. di Trieste and SISSA
Ttaly
¢ Harish-Chandra Research Institute
Chhatnag Road., Jhunsi, Allahabad 211019, India
E-mail: L.F.Alday@phys.uu.nl], [justin@hri.res.in, pava@ictp.trieste.iy,
harain@ictp.trieste.it
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is a one to one correspondence between the on shell gauge invariant words of the free Y-M
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the Y-M theory, the logarithmic corrections of the planar two-point and the three-point
functions can be incorporated by nearest neighbour interactions among the discretized
string bits. In the SU(2) sub-sector we show that the one-loop corrections to the structure
constants can be uniquely determined by the symmetries of the bit picture. For the SU(2)
sub-sector we construct a gauged, linear, discrete world-sheet model for the oscillators, with
only nearest neighbour couplings, which reproduces the anomalous dimension Hamiltonian
up to two loops. This model also obeys BMN scaling to all loops.
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1. Introduction

Among all the examples of field theories dual to a string theories, the most precise and
well studied is the case of the duality between N = 4 Yang-Mills theory in four dimensions
with gauge group SU(N) and type IIB string theory on AdSs x S° [ f]. In units of the



radius of AdS, the string length is related to the 't Hooft coupling of the gauge theory by
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where gy is the Yang-Mills coupling constant, o’ the string length measured in units of the
radius of AdS. Gy is the Newton’s constant which is the effective string loop parameter.

This duality has been tested in the supergravity regime on the string theory side,
which, according to (|L.1]) corresponds to strong 't Hooft coupling and large N limit on the
Y-M side. For applications of the duality to physically more interesting cases, one would
like to be able to control the weak coupling regime in the gauge theory, which requires
understanding string theory on AdSs x S° at strong sigma-model coupling. The problem
is that, at present at least, type IIB string on AdSs x S has not been fully quantized.
This puts strong limitations to the duality tests and to the applications of the duality to
physically relevant situations, confining them to the regime when type IIB string theory
can be approximated by the corresponding supergravity or to sectors which involve large
quantum numbers [f], for which semiclassical quantization is amenable. Early tests of the
duality relied on protected quantities, like the conformal dimensions of chiral primaries of
the Yang-Mills theory and the spectrum of Kaluza-Klein supergravity states on AdSs x S°
[B). Their three-point functions were also shown to agree with the three-point couplings
evaluated from the supergravity action [J—[. At present there are no known means to
extract information regarding the spectrum of string states or their correlation functions
from the sigma model on AdSs x S°, other than in the plane wave limit ]1 . The field
theory, on the other hand, is best understood at weak coupling, in particular, as a pertur-
bative expansion in the 't Hooft coupling. This has led to many efforts in trying to rewrite
the spectrum of free NV = 4 Yang-Mills theory as a spectrum in a string theory [[L3—[L5].
There has also been an effort at reconstructing the string theory world-sheet by rewrit-
ing the correlation function of gauge invariant operators of the free theory as string-like
amplitudes in AdS [[[q-[Lg].

In this paper we formulate N’ = 4 Yang-Mills theory at weak coupling in terms of a
discrete world sheet made of bits, starting from the free point and then switching on the
gauge coupling perturbatively. There are two main motivations for a discrete world-sheet
description of the Yang-Mills at weak coupling. We detail these below.?

Motivations for a string bit description. Let us again recall the map between the
basic parameters of the string theory and A" = 4 Yang-Mills. From (L)) we see that in
the free limit, the string length measured in units of the radius of AdS becomes infinite
and the string essentially becomes tensionless, there is no coupling between neighbouring
points on the string. Therefore the string breaks up into non interacting bits held together
only by the Ly = Lo constraint [IJ]. This can be seen more precisely using the Green-
Schwarz type IIB superstring moving in AdSs x S° background. In the light cone gauge

1See [@7@] for developments in the use of spinning strings to to study the quantization of the sigma
model on AdSs x S°.
2Throughout this paper we will work in the planar limit of the Y-M theory.



the Hamiltonian which generates evolution in the light-cone time variable ™ is given by
kd-B7
H /d 1 P2+T2(6 X)? (1.2)
= o— —(0s . .
b+ r

Here we have written down only the bosonic co-ordinates, T' ~ 1/a/ = v/ the tension
of the string, P stands for the momenta of the bosonic co-ordinates and X the position.
r refers to the radial distance in AdS, and we have used the Poincaré co-ordinates of
AdS to write the sigma-model action. The point to be emphasized is that the terms with
derivatives in the o co-ordinates of the world sheet are suppressed by powers of the string
tension. In the tensionless limit we can neglect these terms and the string breaks up into
bits of non-interacting particles held together only through the level matching constraint
Lo = I/O.

The second motivation to think of the string theory dual to free Yang-Mills in terms
of bits arises from examining the AdS/CFT duality in the plane wave limit [J]. BMN set
up a dictionary between single trace Yang-Mills operators of large R-charge and states in
the plane wave string theory. An example of such a correspondence is the following
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Here i, j are directions which correspond to the SO(4) C SO(6) part of the R-symmetry.
z is the complex scalar which belongs to the Cartan and has R-charge unity. all refers
to the oscillator modes of the plane wave string theory. Though the above dictionary
was set up for operators with large R-charge, J ~ v/N, let us imagine extrapolating the
dictionary for finite J but with gyy = 0. As gywm is set to zero, one expects that there
is no renormalization of the states. For finite J from ([[.3) it is clear that the Yang-Mills
state is invariant for n — n + J, thus we arrive at the conclusion that the modes of the
string theory are truncated at order J. This implies that the world sheet is discrete, in
fact the number of bits (or points ) of the world sheet is of the order of the length of the
Yang-Mills operator. Furthermore, it is easy to see from ([[.3) that the cyclicity of trace
translates to the level matching condition on the string side. In fact this discrete nature of
the world sheet has already been noticed by [, B3 -R7]

From the above discussion, it would seem that one attempt to capture some features
of the string dual for free N' = 4 Yang-Mills is just to discretize the plane wave string
theory. Such an attempt runs into difficulties, as the plane wave symmetry algebra is a
contraction of the symmetry algebra of AdSs x S°. We illustrate this by considering the
dual of operators which are in the traceless symmetric representation of SO(6), the chiral
primaries. If the highest weight state of this representation has R-charge J, then one can
suppose the string dual is the vacuum made of J bits. According to the BMN dictionary
the other components then should be obtained by repeated action of the creation of zero
modes agr. a%’s just lower the J charge of the vacuum state. From the correspondence
with the Yang-Mills state we know that number of agr cannot exceed J. This constraint
has to be imposed on the discrete plane wave theory. Such constraints make it difficult to
formulate the discrete theory in terms of plane wave oscillators.



In this paper we will introduce oscillators which naturally capture the symmetries of
AdSs x S° geometry. We show that planar N' = 4 Yang-Mills theory at zero 't Hooft
coupling can be efficiently described in terms of 8 bosonic and 8 fermionic oscillators.
These oscillators can serve as the discrete world-sheet variables of a string bit formulation
of the Yang-Mills theory. We show that there exists a one to one correspondence between
the on-shell, gauge invariant words of the free Yang-Mills with the Hilbert space of these
oscillators, together with a local U(1) gauge symmetry and the cyclicity constraint. An
universal feature of any string theory is that the interactions are described by the delta-
function overlap of strings. In fact the structure constants of gauge invariant words, which
in the planar limit are proportional to 1/N, should emerge from the joining or splitting of
the strings. We will show that the planar, two-point and three-point functions are obtained
by the simple delta-function overlap of the corresponding discrete world-sheet.

We then turn on the 't Hooft coupling. From ([[.1) we see that turning on A renders
the string tension finite, thereby introducing interactions between the bits. At one-loop in
A and in the planar limit only nearest neighbour bits would interact. We will show that
nearest neighbour corrections to the global SO(2,4) charges in the string bit formulation
reproduces the logarithmic divergences of the one-loop corrected two-point functions and
the three-point functions of the Yang-Mills theory. For the SU(2) sub-sector we shown
that the symmetries of the bit picture are sufficient to determine the one-loop corrected
structure constants evaluated in [2§-B(], upto an overall coefficient.

We then focus on the anomalous dimension Hamiltonian for the SU(2) sub-sector of
the theory. Here the local U(1) gauge symmetry of the bit picture is used to construct a
gauged linear model of the corresponding oscillators. This model has only nearest neighbour
couplings, but it reproduces the anomalous dimensions in this sub-sector to two loops and
obeys BMN scaling to all loops.

This paper is organized as follows. In section ] we introduce the oscillator variables
and show the spectrum of the free Yang-Mills theory is identical to the Hilbert space of
these oscillators once the U(1) gauge constraint and the cyclicity constraint are taken into
account. In section |J we construct the 2-string and 3-string overlap at A = 0 and show that
they reproduce the two-point functions and the three-point functions of all gauge invari-
ant words of the Yang-Mills theory. In section [| we show that logarithmic corrections in
two-point functions and three-point functions can be reproduced due to nearest neighbour
corrections to the global SO(2,4) generators in the bit picture. We then show that the
structure constants in the SU(2) sub-sector are entirely determined, upto an overall con-
stant, from the symmetries of the bit picture. In section [ we introduce a gauged, linear,
discrete world-sheet model for the oscillators corresponding to the SU(2) sub-sector, hav-
ing only nearest neighbour interactions. This model reproduces the anomalous dimensions
up to two loops. It also obeys BMN scaling to all loops. Section [f contains our conclusions,
appendix [A] contains the notations and conventions adopted in this paper. Appendices
and [J contain details regarding the oscillator variables. Appendix [D] works out a few ex-
amples of three-point functions at A = 0 and compares them to the three string overlap.
Appendix [ introduces a gauged oscillator model with non-nearest neighbour interaction
which reproduces the anomalous dimensions up to three loops. Appendix [{| contains de-



tails of the oscillator algebra necessary for evaluating the anomalous dimension Hamiltonian
from the gauged oscillator model.

2. N =4 Y-M spectrum in terms of oscillator variables

The main objective of this section is to write the spectrum of free N' = 4 Yang-Mills entirely
in terms of eight bosonic and eight fermionic oscillators. These oscillators will serve as the
discretized world sheet variables of a string theory which we construct to describe the
Yang-Mills theory. We will refer to these oscillators as bits.

The symmetries of AdSsx .S® form the supergroup PSU(2,2[4), the bosonic component
of this supergroup is given by SO(2,4) x SO(6). The SO(2,4) corresponds to the conformal
group in the N' = 4 super-Yang Mills in four dimensions, while SO(6) to its R-symmetry.
We will first discuss the conformal algebra and the strategy we will adopt in classifying the
representations of the conformal group. Then we use the oscillator variables introduced
in [B1], B3 ® to write down all the generators of PSU(2,2|4). We then construct all the
letters and the single trace gauge invariant words of ' = 4 Yang-Mills using the oscillator
variables. We evaluate the partition function of the single letters and the single trace
gauge invariant words using the oscillator variables and show that they are in one to one
correspondence with the gauge theory operators at zero coupling modulo equations of
motion and Bianchi identities.

2.1 The conformal algebra

The conformal group in four dimensions SO(2,4) is generated by the Lorentz generators

M.,

(1,v =0,1,2,3) and the Dilatation generator D. The algebra of the generators is given by

the four momentum P,, the generators of special conformal transformations K,

[M;uu Mpa] = i(nupMua - nupMua - nVUMMp + nuaMup)7
[P;m Mpa] = i(nuppa - 77;pr)a
(K, Mpo] = i(upKo — 1o Kp),
[DaMW] - [P;MPV] = [KuvKV] =0,
[Py, D] =iP,, [K,,D]=—iK,,
[Py, K] = 2i(nuD — M,). (2.1)

here 7, = diag (—,+,+,+). The correspondence with the SO(2,4) generators is made
with the identifications

1
Mys = 5(By = Ky, Mys = 5 (Pu+ Ky), Mg = =D, (2.2)

1
2
then these generators satisfy the SO(2,4) algebra given by

[Mag, Mcp| = i(nBcMap —nacMpp —nepMac +napMgc). (2.3)

Here A,B,... =0,1,2,3,5,6 and nap = diag(—,+,+,+,+, —). Note that the directions
0,6 are time like and the directions 1,2, 3,5 are space like.

3The latter reference contains a concise review of the oscillators variables.



A convenient way to classify representations of SO(2,4) is to use the maximal com-
pact subgroup SO(2) x SO(4) = U(1)g x SU(2)r, x SU(2)g. The compact generators
correspond to

11
Lm = §(§6mnanl + Mm5), : SU(2)L,
11
Rm = §(§€mnanl - Mm )7 : SU(Q)Ra
1
E = My = §(P0 + KQ), : U(l)E, (24)

where m, n, [ refer to the space like directions 1,2,3. From these generators it is easy to
see that the conformal algebra has a decomposition as SO(2,4) — LT @ L°® L~ such that
the following commutation relations hold

(L% ¥ c L*,  [LT,L7]c L
[E,L*] = L%, [E,L°] = 0. (2.5)

We can now construct unitary representations from the state [2) with quantum numbers
(jr,Jr, F) and annihilated by the elements of L~. The representations are obtained by the
action of the raising operators L™ on the state |Q). E will have to be bounded from below
for a physically relevant unitary representation. We denote the space of these representa-
tions by Hj.

In the conformal invariant N' = 4 Yang-Mills, one usually represents the action of the
conformal group on gauge invariant operators say at x = 0. The stability group at x = 0
is generated by the Lorentz generators M, which form SL(2,C), the dilatations D and
the special conformal generators K,. The primary fields are those which are annihilated
by K,,, they carry the SL(2,C) quantum numbers (jas, jv) and the conformal dimensions
A. The generators of SL(2,C') can be written down as two SU(2)’s given by

1.1 .
Mm = §(§€mnanl +ZMOm)7
1.1 .
Nm = §(§€mn1Mnl _ZMOm)a
D = il (2.6)

It is sufficient to restrict our attention to only primaries and generate all the secondaries
by the action of momentum generator P,. We denote the space of these representations
by Hg.

We now wish to find an isomorphism between H; and Hs. Comparing (R.4) and (P.6)
it is easy to see if there is a flip of the 5-axis to ¢ times the 0-axis the generators of L,, and
Ry, of (B4) go over to M,, and N, (B.§) and E goes over to —iD. Therefore to perform
this rotation one needs to rotate by an angle /2 in the 0 — 5 plane with a factor of . This
is performed by the following operation

™ ™
U= exp (§M05) = exXp Z(PO — KQ) (27)

Note that in the above we do not have a factor of 7 in the exponent, this takes care of the
fact that we need to rotate the 0 axis to i times the 5 axis. A detailed proof will be given



in the appendix [B. The transformation U has the following properties
U'K,U=L", U 'PU=L" U 'DU=iE. (2.8)

Our strategy to obtain primary fields at the origin in Ho will be to start with the state |(2)
in H; which is annihilated by all L~ and then perform the transformation U|Q2). It is now
easy to see that using the first equation in (R.8), we have K,U|Q) = 0. Therefore we can
identify U|Q2) with a gauge invariant operator at = 0. Now to translate it to an arbitrary
position x, we further perform the transformation exp(izP)U|(2).

2.2 The oscillator construction

The conformal group. We now discuss the method of constructing unitary infinite
dimensional representation of SO(2,4) using eight bosonic oscillators. With this aim we
organize the eight bosonic oscillators as into four complex oscillators transforming in the
spinor representation of SO(2,4), this given by.
al
2
a
—b!
—b;

Here the oscillators a; and by obey the following commutation relations
[a"y, a(;T] = 63’ [bﬂ/’ b5T] = 6g, .
¥ 0] =0  [d7,b]] =0, 76,90 =1,2. (2.10)
4 The action of SO(2,4) on the Fock space of these oscillators are given by

MAB = &MAB¢7 where 1; = 1/}1-70 = (G{, a; bl? b2)7 (211)

7" and Map are four dimensional irreducible but non-unitary representation of SO(2,4).
They are written down in terms of four dimensional gamma matrices, the details of these
are given in appendix [A]. These generators satisfy (B-3) and they also have the property

OMap = Migy° A =40 (2.12)

These properties ensure that the generators Map of (B-11)) which act on the Fock space of
oscillators are Hermitian and they satisfy the SO(2,4) algebra (R.3). This is due to the
following commutation relations

[Map, Mcp) = $[Mag, Mcplib. (2.13)

which can be shown using the simple commutation rules of the oscillators (R.10). Since the
generators Map are Hermitian, they generate an infinite dimensional but unitary repre-
sentation of SO(2,4) in the Fock space of oscillators a?,b7.

4Note that we have defined the annihilation operators with raised indices.



We will now discuss the properties of this Fock space. The vacuum is defined as
a¥|0) = b7]0) = 0. In this Fock space we find it convenient to work with the generators in
the maximal compact sub-group U(1)g x SU(2)r, x SU(2)r. As we mentioned in the pre-
vious subsection the transformation U given in (R.7) takes a representation in the maximal
compact sub-group H; to the usual classification of fields of the conformal group Hs. The
action of the transformation U on the Fock space is given by

0 = exp(TNlys) = exp(— (a'b! + ba)
where a'bl = aerJr + aTbJr ba = blal + b2a?. (2.14)

We now give the properties of U which corresponds to the ones given in (@)

U 'K,U = bo,a, U- PU:—a%N
U’1A4mnlfzzﬂlmn, U™ Mo U = iMyys. (2.15)
U (-iD)yU = F,
= ;Ja+%U:%M@+N@+1

Here o = (—=1,0™) and # = (=1, —0c™),
N, = a at + aTa Ny = bJ{b1 + bgbz. (2.16)

The properties given in (.§) are most easily shown in the four dimensional representation
of SO(2,4) and then they are immediate in the Fock space representation because of (2.19),
the details are provided in appendix [B. Other useful properties of U which will be used
repeatedly in the next sections is

U'UE=-U'UE, U?E=-U’E. (2.17)

The above property is easily shown by repeatedly using the second line of () and
U' = U. Finally, the left and right SU(2) generators are given

. 1/1 . .

Ly, = 5 <§€mnanl + Mm5> = —aTama,

A 1/1 ~ ~ t

Rm == 5 §Emnanl - Mm5 == bO'mb . (218)

It is now clear that why it is convenient to work in the maximal compact subgroup. From
(2.15) we see that the conjugate of K, are annihilation operators while that of P, are
creation operators. Therefore the vacuum in the Fock space satisfies

K,U[0) = 0. (2.19)

The compact generator Eis just the number operator in the Fock space, and the SU(2)p,
corresponds to the a oscillators while the SU(2) g corresponds to the b oscillators. Thus we
work with the Fock space of a,b oscillators and the transform U maps to gauge invariant
operators at x = 0.



It is important to note that the Fock space is constrained, i.e. the the number of
at oscillators is equal to the number of b oscillators. This can be seen as follows: first,
note that the Fock vacuum corresponds to a conformal primary because of (R.19), and the
descendents are obtained from the successive actions of PM, which, according to (2.1§),
corresponds to the creation operator aTJMbT. Therefore, the states have equal number of af
and b'. From the generators listed in (.1§) and (R.1§), we see that the bilinear operators
of the form a'a', b'bT, ab, and bla are missing. This constraint can be formalized by saying
that the U(1) given by

Z1 =N, — Ny, (2.20)

is gauged. Therefore in the Fock space we allow only U (1)z, neutral states. Let us make
a count of the generators allowed: aI/bjy, ba?, aI{a‘s, byb:g, these form 15 + 1 generators,
which form the generators of the conformal group and the central U(1)z, given by (R.2()

respectively.

The SO(6) R symmetry group. We construct representations of the SO(6) group using
eight fermionic oscillators. These are organized as 4 complex fermionic oscillators which
transform in the spinor representation of SO(6) as

aq

€5)
_giT
_ﬁ2T

o = (2.21)

Here the fermionic oscillators obey the following anti-commutation relations
{a oy =07, {76} =060, {arB:}=0, {a™3:}=0.  (2.22)

The Fock vacuum is defined as
a,|0) = 3:|0) = 0. (2.23)

The action of the SO(6) generators in the Fock space of these oscillators is given by

~

My =o' My, (2.24)

here My are four dimensional representation of generators of SO(6) (more the details of
these are given in appendix [A]). These generators satisfy the SO(6) algebra given by

[Mry, Mir) =i(0gxMrr, — 1My, — S5 Mrx + 01 M k). (2.25)

I,J,K,K = 1,...6. The fact that these generators are Hermitian ensures Hermiticity of
My ;. Furthermore My obeys the SO(6) algebra since

[Mry, Mir] = ' [M1y, Mi1]ep. (2.26)



| State ) J | E| U] State)
|0) 1|1 z
a7t 37110) 0 |1 ]|¢ni=1,...4
a2ttt a0y | -1 | 1 z

Table 1: The SO(6) scalar.

It is again convenient to work in a graded decomposition of SO(6) as LT & L~ @ L. We
now write down the generators below.

Lt={a"p"}, L™ ={a6;} (2.27)
LO = SU(Q)L/ X SU(Q)R/ X U(l)],

SU©2) : ofda, SUQ2)r: B1p,

U(l)J: J:(pTM56(p:%(2—Na—Nﬁ).

Here N, and Ng are defined by
Ny =a'tog + o¥as, Ny =p81p; + 5%13,. (2.28)

Similarly to the case of SO(2,4), the Fock space of oscillators for SO(6) is constrained. It
is clear from the generators listed in (R.27) that the states must have zero charge under
the following U(1)

B =N, — Nj. (2.29)

Starting from the Fock vacuum we can obtain all the allowed states by the repeated
action of the generators in L*. Since these generators are fermionic, the action of LT
truncates at the second level. The table of states are given in [l

Here we have written down the J-charge and the dimension A of the corresponding
states. Note that the fermionic creation operators have J-charge —1/2. In the last column
of the table [ we have indicated the field at the origin corresponding to the state which is
created by the action of U. Thus these states give the scalars of AV = 4 Yang-Mills theory,
which transform in the vector of SO(6).

The supersymmetry generators. N = 4 Yang-Mills admits 16 Poincaré supersym-
metry generators and 16 superconformal supersymmetries. Their realization in terms of
the oscillator construction is given by
The algebra of these generators realize the odd part of the N/ = 4 superconformal
algebra. The (anti-)commutation relations of these generators are given in appendix [J.
From the supersymmetry generators given in the table [ it is clear that the complete U(1)
gauging is given by
Z =71+ B =N, — Ny+ Ny — Npg. (2.30)

As an example, consider the generators (Q7: the number of a’s is equal to the number of
(s, thus respecting U(1)z invariance.

,10,



Supersymmetry | Operator | £ | J
' o | 517

bl B 3 |3

Q- alpt | 5|4
ERAE

S— avart —% —%
T E

s a1
TENERE

Table 2: Supersymmetry generators.

2.3 Partition function

In this section we will first evaluate the partition function and show the Fock space of the
oscillators together with the U(1); gauging is equivalent to all the on shell single letter
spectrum of N' = 4 Yang-Mills We then construct composite single trace operators of given

length [ by considering ! copies of the Fock space of oscillators together with the cyclicity
constraint.

Single bit partition function. The partition function for the Fock space is given by

dx
Z= —Tr(¢*Fa?). (2.31)
|z|=1 ¥
Here the trace is over all the states in the Fock space, the contour integral around the unit
circle imposes the constraint Z = 0 on the states. It is simple to evaluate the trace as these
oscillators are free, we obtain

_ dr o (1+2)%(1 +271)2

Z= j|{1|=1 ?qz (1—qz)2(1 — qz1)2’ (2.32)
_ 52 B89
- (1—q)*

= 6¢> + 16¢° + 30¢* + 48¢° + 70¢° + - - -.

Note that this single letter partition function agrees with the on shell single letter spectrum
of N'=4 YM at A\ = 0 evaluated in [B3 B3, [[3, [4]

We now give an account of the numbers occurring for the first few terms in the ex-
pansion of the partition function in powers of ¢. From (R.32) we note there are 6 states at
E =1, these are due to the 6 scalars ¢! in the fundamental of SO(6). At E = 3/2 we see
that there are 16 states, these are accounted for by the 16 fermions of N' = 4 Yang-Mills,
which can be thought of as the 16 component Weyl-Majorana fermion in ten dimensions,
1. For E = 2, we have the 24 states from Butbl % and 6 states from F,,. Together they
give rise to the term 30¢* in the partition function. At the next level E = 5/2, we have the

SAt X\ = 0, the covariant derivative reduces to the ordinary derivative.
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State U|State)

0), a™t3Mj0), alta?gl5f|0) ¢!

a 510), blati0), alaTFParT0), Blatfa?ipio) | w
aLaEﬁ”BWO% bi/bia”azﬂm F

Table 3: Basic letters of ' =4 YM and oscillator states.

states of 9,9, they give rise to 4x 16 = 64 states, but on examining (R.33) we see that there
are only 48 states. This is because the states of the Fock space are in correspondence with
the on shell single letters of the Yang-Mills, indeed on subtracting the 16 components of
the equations of motion - 0¥ = 0 from 64 we obtain the 48 on shell states. Let us consider
one more level to illustrate the fact the Fock space corresponds to on shell states. At £ = 3
there are the following states (%8,,(;5[ and 0, F,,, their number are 60 + 24 respectively. 6
states out of the 60 vanish due to the on shell condition 9?¢! = 0. 8 states out the 24,
correspond to 9"F),, = 0 and Bianchi identity 9, F,, = 0. Subtracting these on shell
degrees we get (60424) — (6+444) = 70, which agrees with the partition function. Below
we list the basic Fock space states and the corresponding fields.

We now examine the reason why the Fock space includes only the on shell letters of
N =4 Y-M. Consider the operator 9*d,,. From (.15) we see that on the Fock space the
operator is represented by aT6“bTaT6MbT. One can easily see, using the identity [B6]

6““”6;7 = 27T, (2.33)

and the fact that the e-tensor is anti-symmetric in its indices, that the representation of
0? on the Fock space vanishes. Similarly, consider the equation of motion of the fermion
aI{B*”O). This is given by

75 Byl 5710) = 2 a1l 710) =0, 2

6. where we have again applied (£.33). Using the same method and (B-33) one can show
that the equation of motion of the other fermions and 0" F), = 0 is identically satisfied
in the oscillator construction. To show that the Bianchi identity d,F,, = 0 is satisfied,
consider the anti-self dual component aI/aj;BiTﬁiT\O) The Bianchi identity can be written
as

M (ol o, b1 (al5,,a1) 81 6%10) = 2i(ala,bl) (a6 aT)|0) = 0. (2.35)

To show the above term vanishes, one again uses (R.33) after expressing ™ in terms of &
and o. Similarly, one can show that the Bianchi identity is satisfied by the anti-self dual
component of the field strength. Using the fact that the basic letters are on shell it is easy
to see that derivatives of these letters will also be on shell.

Multi-bit partition function. Once we have obtained all the letters of N' = 4 Yang-
Mills, it is easy to construct the gauge invariant words using the oscillators. Consider a

SFrom now on we use the same symbol for P, and its conjugate (af@b')
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single trace gauge invariant operator of length [. To construct the oscillator representation
of this operator one examines the Fock space ®ZS:1H5, where H refers to the Fock space of
a single copy of the oscillators a, b, o, 3. The state at site s of the Fock space is constructed
such that it corresponds to the operator at the site s of the gauge invariant word. Then
one sums over all cyclic permutations so that the oscillator state is invariant under the
cyclic shift of the sites. Each term in the sum is weighted by the sign of the permutation,
the sign of the permutation is minus if the total number of exchanges involving a fermion
is odd. This sum over cyclic permutation is performed since a single trace operator is
invariant under this weighted cyclic permutation. Symbolically the Hilbert space of single
trace operator is denoted by

HO = Z sign(m) ®'_, H, (2.36)

™

where 7 refers to a cyclic permutation of length | and sign(mw) = —1 if the number of
exchanges involving a fermion is odd, else sign(7w) = 1. To illustrate this construction, we
provide the following simple example of the operator Tr(¢!Z!~1),

7rs S 1 7
Zﬂ:Hl ( 10)¢ >> o T 7171, (2.37)
Here’

0@) " = 5 explizP)U(alo*)0),

O)? = 0(2)® ... = exp(izP)U|0). (2.38)

It is clear from the method of construction of the single trace operators, that, if one eval-
uates the multi-bit partition function, it will agree with that of the single trace operators.
To show this explicity we will evaluate the multi-bit partition function. In doing this, in
order to keep the discussion simple we will not subtract the contributions of states that
can be written as Tr(Fermion)?, which vanish by Fermi statistics. Let us define g as the
generator of the cyclic group, i.e.

gls1 > |s2 > sy >= 52> ...|sp > |51 > . (2.39)

Inserting ¢ into the partition function of [ bits we obtain

}{des QZS . 3)1—[:C Op ( (ﬁ) (2.40)

here E(s), Z(s) refer to the operators F, Z at site s, and the integrations over x5 implement

the local U(1) constraint. (/,t) denotes the largest common divisor of ¢ and [. To project

"For the remaining part of the paper we will drop the hat, ~ in the Fock space representation of the
generators of SO(2,6).
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on to the cyclically invariant states we insert the projector P = %(1 +g+g>+..+4h.
into the multi-bit partition function. Using (R.4() we obtain

1 l ( lz) (&)
=1y <z<q2 ’ >) ,
d

_ 32D gyt (2.41)

In the second line of the above equation we have re-arranged the summation over s to the
sum over the divisors of n. Then, ¢(d) denotes the number of s, such that (s,1) = é. Since
(s,1) = %, this implies s = ét with (¢,d) = 1. On the other hand we also have s <[ then
t < d (unless d = 1) so ¢(d) is given by the number of co-primes with d and smaller than
d, with ¢(1) = 1. But this is the definition of Euler’s totient function. To compare with
the partition function of all the single trace operators of N' = 4 Yang-Mills we sum over
all the lengths [ from 2 to co, we neglect the case of a single bit. This gives

21¢* + 96¢° + 39245 + 1344¢" + ..., (2.42)

oo d .
ZSingletrace - Z Z #)ZA (qd) d

1=2 dl

Note that we have also included the contributions of states of the type Tr(Fermion)?, which
can be subtracted easily. It is clear that using the oscillators it is also easy to evaluate
partition functions which carry information of SO(6) or SO(2,4) quantum numbers as

done in [[I3, [4].

3. String overlap at A =0

In the previous section we have seen that gauge invariant operators of, say, length [, can
be represented as a state in the Hilbert space H"). We refer to such a state in the Hilbert
space as a string. The world sheet of such a string is discrete and composed of [ bits. In
this section we show that the planar two point and three point functions of gauge invariant
operators at A = 0 can be reproduced just by geometric overlap rules of their corresponding
states in the Hilbert space. We also write the geometric overlaps in terms of 2-string vertex
and a 3-string vertex for the two point and 3-point functions respectively.

3.1 Single bit overlap

To show that the inner product of two string states in the Hilbert space H® reduces to
the two point function of the corresponding gauge invariant operator we first study the
overlap of single bit states. This is done using three methods: the first method is a direct
evaluation of the inner product using just the oscillator algebra; in the second approach
we show that the inner product satisfies conformal ward identities which, this enables us
to determine the overlap; finally we use the geometric meaning of the operators involved
in the overlap to evaluate it.
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Direct evaluation of inner product. Consider the vacuum state at position z, which
is given by €*F'U|0). We have shown in the previous section that this corresponds to the
field z(x). The inner product of this state with the another vacuum state at position y is
given by

I(z,y) = (0|UTe " @=9Py)0). (3.1)

Using the definition of U in (R.14) and the formulae in (R.15) the above expression can be

written as
I@,y) = (O exp |i(alb!) - (y — 2)] [0), (3.2)
with U? = exp {—g(aTbT + ba)} .
To evaluate the above inner product we use the identity
U2 = expt(a’d' + ba), (3.3)
= exp <aTbJr tan t) exp [— (aTa + bb") In cos t] exp (batant) .

This identity is shown as follows: first differentiate both sides of the above equation with
respect to t. Then move all the factors to the extreme left. This, together with the condition
Ug = 1, results in the above identity. Substituting (B-3) in (B-J) we obtain

1

1 = 1 3.4
(@,y) t_>1—n73/2 cos?t1 —2(x0 — yO)tant + (x — y)2 tan? ¢’ (34)
B 1
(@ —y)*
Here we have also used the following property of squeezed states,
1 1
(0| exp (5(1 - M - a> exp <§aT N - aT> 0) = [Det(1 — M - N)] /2, (3.5)

where a;’s refer to n oscillators, M and N are n x n matrices. From (B.4) we see that
the overlap of a single bit corresponding to the operator z(x) is identical to the two point
function of (zZ(z)z(y)). It is worth noting that the transformation U is not a unitary
transformation, in fact the norm of the state at a given position z is infinite, where as the
norm of the state in the Hilbert space H; is finite.

Method of conformal Ward identity. Another method to show that the overlap of
the vacuum state reduces to the two point function of the scalar z(x1), is to show that the
overlap satisfies the conformal Ward identities. This method does not rely on the direct
manipulation of the oscillators but on the properties of the generators of the conformal
group. Using the properties of the operator U given in (R.1§), the two point function

I(x,y) can also be written as
I(z,y) = (0] exp(i(ba'a) - y)UTU exp(—i(a'ab' - 2)|0). (3.6)
We first consider the inner product,

(0] exp(i(ba'a) - y)UTU E exp(—i(a'abl) - 2)|0) = (z8® + 1)I(z,y), (3.7)
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where we have used the relation
[E,exp(—i(a'ab!) - )] = 20® exp(—i(a'abl) - x), (3.8)

to write the insertion of F as a differential operator on the overlap. The shift of 1 in the
operator is due to the normal ordering constant in £. We now can use the identity (2.17),
UTUE = —EU'U to move the operator E to the left. Thus we obtain

(0] exp(i(ba'a) - y) EUTU exp(—ia'ab!) - £)|0) = —(yd¥ + 1)I(x,y), (3.9)

here again we have converted the action of E as a differential operator on the bra state.
Now comparing the equations (B.7) and (B.9) we obtain

(x0® + yd¥ + 2)I(x,y) = 0. (3.10)

The above equation is the conformal Ward identity for a primary field of weight 1. Using
a similar procedure we can show that the overlap also satisfies translational invariance.

Inserting the operator a'a,b" which is conjugate to the momentum operator (see (E:17))
in (B.g) we obtain

(O] exp(i(bata) - y)UU (a'5,b") exp(—i(a'5d!) - 2)|0) = i0,1(z,y). (3.11)

Here we have converted insertion of momentum operator to a derivative. Using UTU (af
5,b) = (baLa)U U, which can be obtained from (R.13), we can move momentum operator
to the left and then again convert it to a derivative, this results in

(0] exp(i(ba'a) -y)(b&La)UTU exp(—i(a'abl) - 2)|0) = —i0y1(z,y). (3.12)

Again comparing (B.11)) and (B.19) we obtain the momentum conservation equation.

(0 +9)I(z,y) =0 (3.13)
Using (B.1J) we can replace the derivative with respect to y in (B.10) to get the equation
[(x —y)0, + 2] I(x,y) =0, (3.14)

the solution of this equation is the required two point function I(z,y) = 1/(z — y)2.

The geometric method. It is instructive to illustrate yet another method to show that
the overlap of the vacuum state is the two point function of the scalar z(z). This method
relies on expressing the action of the oscillators as differential operators, this method is
convenient when one wants to obtain the two point functions or three points functions at
one-loop. Consider the overlap again

I(z,y) = (0| exp(i(b5'a) - y)UTU|z), (3.15)
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here |x) refers to the state exp(—i(afabl) - 2)|0). Now we convert each of the operators in
(B.159) from oscillators to differential operators acting on the state |x) from right to left.
The action of UTU on the state |x) can be written in terms of the differential operator

U'Ula) = exp (5 (R~ K0)) [a). (3.16)
= exp [—% (ag + 2x0 + 2207 - % — ang) |$>

Here we have used the fact that

P,|z) = —(a'a,b") exp(—i(a’abl) - )|0),

= —id%|z) = P{"|z), (3.17)
K,|z) = (bo,a)exp(—i(a'adl) - )|0),

= i(2x, + 2z 7 - 0F — xQBﬁ)]@,

= K{"|z).

Now one can convert the operator exp(i(bo'a) - %) as a differential operator acting on the

state |x), we then obtain

I(.y) = Ol exp (5P~ K) ) exp(z- KO)l). (3.18)

Here § = (y°, —y™), this is due to the fact the K ,(f) corresponds to the operator (bo,a),
while we have the operator (b&La). Note that in the process of converting the oscillators to
differential operators there is a reversal in the order of action. The next step is to explictly

perform the action of the operators on the state |z). This gives
T @ _ p@ 1 /
I(z,y) = (0 (—K —Pp ) ,
(z,y) (O] exp 2( 0 0 ) 1—{—23}-x+gj2x2’m>
ah + gH

where X 1—|-2gx+y21'27 ( )

here we have used the action of finite special conformal transformation K ,(f), by an amount g
on a scalar primary of weight 1. To perform the action of the operation exp(%(Po(x) —Kéx)))

one notes that it is the rotation exp(mMps), and it acts on the coordinates as 8
0 m
0 £ m z
T —— T — 3.20
- - (3.20)
performing this operation on (B.19), we obtain
2 0 0 m m
1 1" - " -
Iy) = —— (o), 0= e T g
(z—y)?= (z —y) (z —y)
_ 1
(x —y)*

In the above equation we have used (0|z”) = 1 which is easy to see from the definition of
|#"). Thus again we have obtained the required two point function of the scalar (zZ(x)z(y)).

8exp(mMos) acts linearly on the coordinates n* introduced in @], then one can restrict its action on
the light cone to realize its transformation on the coordinate z* = n*/(n°® + n°%).
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Single bit overlap for SO(6) scalars. It is now easy to see that the two point func-
tions of the SO(6) scalars also are given by inner product of the corresponding bit states.
This is because the other scalars are obtained by the action of creation operators a”f7
on the vacuum state, these oscillators commute with U? and the translation operators
exp(izP). The inner product factorizes as the inner product of the bosonic oscillators and
the inner product of fermionic oscillators. Thus the position dependence of the overlap is
entirely governed by the bosonic oscillators {a,b}. The overlap of the fermionic oscillators
ensure that the Krénecker delta in the two point function (¢! (2)¢” (y)) = 617/(x — y)? is

reproduced.

Single bit overlap for fermions. Let us now examine the two point function of the
fermions. Consider the state exp(izP)U aLﬁT'T\O> which can also be written as U aiﬂﬁ X
exp(—i(a'@bl) - £)|0). The overlap of this state with the same state at position y and with
indices 4,0 is given by

F(z,y) = 63(0|exp(i(bs'a) - y)aSUTUai/ exp(—i(a'abl) - 2)|0), (3.22)
= 67(0] exp(i(b5'a) - y)UTUal b exp(—i(aladl) - )[0).

The Kronecker delta is due to the inner product of the fermions, in the second line we have
moved a’ to the right of UTU using the following equation

AU = Utub} . (3.23)
The above identity can be shown using the from the basic identity in (B-3) and then
commuting a’ to the right. Rewriting the combination agbg as a derivative we obtain
F(z,y) = —%5ZJM - 9% (0| exp(i(baTa) - y)UTU exp(—i(aTabl) - 2)[0), (3.24)
i 1
= —-0;05y - 0 ———.
27O =y

The last line has the required correlation function of fermions. It is clear using the above
manipulation the overlap of all the oscillators corresponding to fermions in table [}, reduces
to the required two point function.

Single bit overlap for field strength. Finally consider the two point function of bits
corresponding to the field strength F,,. From table B. we see that this state is given by

Flu(2)[0) = exp(izP)U ((aTaWaT)ﬁ”ﬁ?T\m v (bTaWbT)a”a?T) 10), (3.25)

here we have written the field strength as the sum of the self-dual and anti-self-dual com-
ponents. The overlap of this state at position x and y is given by

G,uzx;po(xay) = <0|F,ul/(y)Fp0(x)|0>a
= —WlUTU (5,007 (b o,0b")2) = ((11,0) < (p,0)). (3:26)

,18,



In obtaining the above equation we have repeatedly used the identity (B.23) and 5Ll, =

—0 - Now rewriting the pairs aJr bT as derivatives on the state |x), we obtain

1
Guu;po' (.%', y) 160330’32 <U’y’y 55 + Uyy 55 + 0570 + 0-57 ) 8)\8 I(l’ y)
+ (1, v) = (po)). (3.27)

We now substitute the following identity [Bf in the above equation

ol oy +ohs0he = —n'eyse s + doliso p; (3.28)
to obtain
1
Cuuspol,9) = 3 [T ") Tx(55") + (1,0) = (0, 0))] Bl (2,9). (3:29)

To further simplify the above equation we need the following identities [B§].

1
Tr(o??o"™?) = 3 (nPen" — nPrne — jef7re) | (3.30)
Tr(5776"9) = % (P20 — PO + iePTRe) |

Substituting the above identities in the last line of (B.27) we obtain

1
Gvipo(,y) = 5 [(77”977”77“” — PenTHY N — Tl APy Pl oA (3.31)
1 PU TV ) 0N PV 1 O [ 0N
- 5(?7 n7'net —nP'n7nt) | Ox0pl (x,y)
1
=3 (77”"?7”?7"” — nPenint — pTlnkintY 4 n”“n""n”) NOpl (z,y).

Notice that the second term in the square brackets just implements the tracelessness con-
dition in the indices A, p. The second line in the above equation is written with the un-
derstanding that the on shell condition, that is OI(x,y) = 0 implements the tracelessness
condition in A, o. (B.31)) is required two point function for the gauge field strength.

3.2 Two-point functions

In the previous subsection we have shown that the inner product of all single bit states
reduces to the two point function of the corresponding fields. A gauge invariant operator
of length [ corresponds to a state in the Hilbert space H(®). Inner product in this space is
simply the inner product inherited from the inner product of the single bit states. To be
more explicit, consider a state made of the product of single bit operators oWo®@ ... O(l),
then the corresponding state in the Hilbert space H(") is given by

l

O(@)|0) = Y sign(m) [T (0™ @)0)®), (3.32)

™ =1

here the summation runs over all the cyclic permutations 7 of the set of integers {1,2,...1}.
The state |0)(®), refers to the i-th bit vacuum, while the vacuum |0) on the left hand side of
the above equation just refers to the product of these single bit vacua. The operator O™
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stands for the O™()-th operator, but written in terms of the oscillators of the the i-th Fock
space. The sign(7) just refers to the total sign one obtains after the cyclic permutations of
the operator OMWO@...00  Ifin the cyclic permutation two fermionic single bit operators
are exchanged, there is negative sign. Bosonic single bit operators are exchanged without
any contribution to the sign. The sum of cyclic permutations with the sign as the weight
essentially implements the cyclic symmetry of the trace in the string bit language. The
inner product of two such states is defined by the following.

l

0|0 (z)O Zagn m)sign(o) [ [ 4010™ 1 (2)0% ()|0). (3.33)

=1

The above formula defines the inner product in the Hilbert space H") in terms of the
overlap of the single bit Hilbert space, note that we have normalized the inner product by
1/l to avoid over counting of the identical overlaps. We will denote this overlaps as the
2-string overlap. This overlap can also be written as a 2-string vertex which is a state in
the tensor product of the 2-string Hilbert space, this is given by

Va) = —expz( $)a'® () + b1 ()67 (s)
Pl (5)al®(s) 4 FOHO ) 000 @ 0. (334

Here (1) and (2) refers to the Hilbert space of the two strings, s stands for the sites on the
bit strings and
oMt = al( )o@ 4 a (1) T2(2)’
e 51(1), 212
afWaf@ = Q1M 11@) | o211 o 212)

3t i@ — glt1) it 4 52t(1) g21(2) (3.35)

It is clear from the structure of the 2-string vertex, it implements the delta function overlap
5(X(1) — X(Q)) where X refers to the string bit world sheet. Using the the 2-sting vertex,
the 2-string overlap of operators (B-33) can be written as

(0]OF(z) ® (0|0 (y)V2)- (336)

It is easy to see from the definition of the 2-string vertex (B.34), the above formula reduces
to (E33).

We now show that this definition of the overlap is identical to the rules of planar Wick
contractions one performs in evaluating the two point function in the gauge theory. The
comparison of this overlap with planar Wick contractions performed in obtaining the two
point function of two single trace operators is show in the figure (fll). The horizontal lines
in the bit string overlap denotes the single bit inner product. In the previous subsection
we have shown that single bit inner product reduces to the two point function of the
corresponding single letters of the Yang-Mills. According to the definition in (8.33) we
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Figure 1: Bit overlap and two point function

have to sum over the cyclic permutation of all the single bit states, the division by [ takes
care of the over counting. In the evaluation of the gauge theory correlator, one has to sum
over the distinct cyclic permutations in the trace. Thus the combinatorics involved in the
evaluation of the 2-string overlap is identical to the that of planar Wick contractions, the
functional dependence is governed by the product of the corresponding single bit overlaps.
Therefore we conclude that the 2-string overlap in (B.33) reproduces the corresponding two
point function of the gauge invariant operator.

To illustrate the combinatorics involved we consider two simple examples.

Example (i). Consider the most simple case with all the o) being equal to the operator
exp(izP)U, that is every one of the single bit state is the vacuum state at position z. The
gauge theory operator corresponding to this state is given by

1
S TT (06y10)®) \/%Tr(Zl) (3.37)

T =1

The 2-string overlap of this state is given by

! 2
% > T P01UT exp(—iPy) exp(iPx)U[0)" = — (3.38)

e

mo i=1

Note that there is no sign involved in the permutation as all operators are bosonic. Since
all operators in each single bit Hilbert space is identical the sum over 7 and o permutations
just give a factor of {2, which cancels with the denominator to give the right power of .
(B-39) is identical to the corresponding two point function of the operator in (B.37) A point
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to emphasize is that, as in (B.37), we normalize all gauge theory operators so that the
planar two point functions do not have any N dependence.

Example (ii). Consider the string state corresponding to the operator \/%Tr(qﬁizl_l)
given in (P.37) and (2.3§). Evaluating the 2-string overlap of this state we obtain

l l
X I1O00m @omwi0® = § ZI[O007 @om w0, (39

wo =1 T =1

_
(. —y)*

In the first line we have used the fact that the only when both permutation o and 7 are
the same the overlap is non-zero. Then the summation of the permutations gives a factor
of [ which cancels with factor of [ in the denominator. Finally, we have used the single
bit overlap for the scalars. Thus the last line is the expected two point function for the
operator under consideration.

3.3 Three-point functions

Here we construct the 3-string overlap which reproduces the planar 3-point functions of
the free theory. Our discussion is divided into two parts, 3-point functions for which length
of the operators is conserved and 3-point functions for which the length is not conserved.
The 3-vertex constructed for the length conserving processes has a natural interpretation
of two strings joining into a third string such that the length of the third string is the
sum of the lengths of the first and the second. This is similar to the 3-vertex of light cone
string field theory of the critical string. The length non-conserving process the 3-vertex
can also be interpreted as string joining process, except the the first and the second string
also overlap with each other.

Length conserving process. We first consider three point functions for which the
length of one of the operator say @3 is the sum of the lengths of the remaining two.
We define the overlap of these states by the following,

010l (1) © (010} (22) O3 (23)]0), (3.40)
where <O\(’>J{ (1) is a state in the Hilbert space H(1), <O\(’>£ (x2) a state in the Hilbert space
H2) and O3(x3)|0) a state in the Hilbert space H3) and I; + Iy = I3. ® just refers to
the tensor product of the states. The inner product in (B.4(]) is the usual bit by bit inner
product. We have indicated this diagrammatically in figure (f). This overlap rule will
be more familiar when written in terms of a state in the three string Hilbert space. It is
given by

1(1)
1

Va) = 5 exp | (0D ()l (5) + 10 ()50 (s)
s=1
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Figure 2: The three vertex and the 3-point function, length conserving process.

+atW(5)at®) (s) + gt (5)513) () (3.41)
1(3)
+ Z (af@ (5)aT® () + b1 (5)pTC)(s)
s=1(1) 41
+af@al® 4 ﬁi(Z)ﬁ;[(g))] 0)(1) @ [0)(2)®) (3)-

Here the superscripts over the oscillators just indicate the Hilbert space they belong to and
s indicates the bit label. It is clear from the discussion of the 2-vertex, this vertex basically
implements the delta function overlap §(X™1) 4+ X — X®)) where the X’s indicate the
world sheet coordinate of the bit string. In the above vertex, the bits from 1 to [(V) of the
1st string overlaps the corresponding bits of the third string and the {?) bits of the second
string labeled from [ + 1 to I overlaps the corresponding bits on the third string. Note
that as expected we have normalized the three vertex by 1/N as it is the closed string
coupling. It is also easy to see from the discussion of the previous subsection we have

~010] (1) © (010} (2203 (23)10) = (010] (1) © (01O} (2) 01O} (ws) 3} (3.42)

From the figure (), comparison of this overlap rules to Wick contractions involved
in obtaining the corresponding free and planar Yang-Mills three point function indicate
that both the functional dependence of the correlation function as well as the structure
constants will be reproduced by the 3-string overlap. The overlaps rules just mimic planar
Wick contractions. The conformal Ward identities satisfied by the three-point functions
are guaranteed to be satisfied, due to the fact that the single bit overlap satisfies the Ward
identities, this will ensure the right functional dependence. In the appendix |D| we evaluate
the 3-string overlap for a class of scalars and show that both the functional dependence as
well as the structure constants is in agreement with the gauge theory results.
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Figure 3: The three vertex and the 3-point function, length non-conserving process.

Length non-conserving process. Consider three operators @Z(acz) with lengths [(®) >
1@ > 1M Tt is easy to see that for free Wick contractions such operators will have nontrivial
three point functions only if 21 = [ 4 1) —[3) and [ is an integer. The overlap rules for
the states corresponding to these operators are most clearly seen in the first diagram of
figure ([). We overlap [ bits of the states O(x1)[0) and O(22)|0) using the usual bit inner
product. Then overlap the remaining I") — I bits of O(z1)|0), and 1) — [ bits of O(x2)
with that of the operator O(z3) as shown in the figure. It is also clear from figure (§)
that this rule mimics planar Wick contractions of the corresponding operators in the gauge
theory. Furthermore, the sum over the cyclic permutations of the bits corresponds to the
sum over all the distinct planar Wick contractions possible due to the cyclic property of the
trace. Again since the single bit overlap satisfies the conformal Ward identities the 3-string
overlap constructed out of single bit overlaps will satisfy the respective conformal Ward
identities. It is possible to write the overlap rule for the length non-conserving process as
the following state in the three Hilbert space

1
[V5) = exp [N(ls) 4+ N@) N(12)] |0)1 ®|0)2 ® |0>3N’ (3.43)
(SO
N3 — Z a1 ($)a® (s) + bW ()b (s) + oD ()P (s) + g ()31 (s),
s=1

1(3)
Ne = 3 <a<2>T(s+l)a<3>T(s)+b<2>T(s+Z)b<3>T(s)
s=I1M)—1+1

+ a@T(s + 1)a®T(s) + g@T(s + 1)6(3)T(3)) ,
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1(1)
N = 3 <a<1>f(2l(1> +1—s—Da®T(s) +sMT@M 11— 5 — @ (s)
s=1(1) —41

+ oMWt 41 -5 —1)a®t(s) + gWOT 2 41 -5 — l)ﬁ(2)T(s)> .

This 3-vertex implements the overlap rule whereby [ bits of the states Op(x1)|0) and
O(x2)|0) overlaps with each other and the remaining [") — [ and I®) — [ bits of these
states overlaps with the state O3(x3)|0). Note that in the 3-vertex (B.43), the bits of the
second string are labeled from (V) — [ 4+ 1 to I + 1, thus there are () = () — (1) 4 9
bits. As in the discussion of the length conserving process, the three point function of the
states Oy (z1)]0), Oa(x2)|0), O3(x3)|0) is given by

(010 t1 (1) ® (0|05 (22)(0]O (x3)|V3). (3.44)

In the appendix [J we evaluate the three-point function for a length non-conserving process
and show that both the functional dependence as well as the structure constants is in
agreement with the gauge theory results.

4. String overlap at one-loop in A\

From the previous section we see that the two-point functions and the three-point functions
at A = 0 were essentially determined by the following: i) The position dependence of the
correlators was governed by the equation UTUE = —EUTU. This equation guaranteed
conformal Ward identities which are required to be satisfied for the correlation functions.
ii) The combinatorics involved in the planar Wick contractions was reproduced in the bit
picture by the delta function overlap rule. This guaranteed that the structure constants
in the bit picture was identical to that of the gauge theory. In this section, we derive
the modifications to the above picture when on rendering A finite. From the AdS/CFT
dictionary ([[.1)), we see that rendering o finite would introduce interactions between bits.
At first order in A and in the planar limit, only the nearest neighbour bits would interact.
Therefore, turning on A modifies the free propagation of bits in the bit string theory. The
nearest neighbour interactions should be such that it reproduces the logarithmic corrections
as well as the finite corrections to structure constants of the three-point functions. We
now outline the strategy by which we will introduce these nearest neighbour interactions
between the bits so as to reproduce the logarithmic divergences and the structure constants
at one loop in .

Logarithmic corrections. From the discussion in section 3.1 of the single bit overlap
and, in particular, from the method of conformal Ward identities, we see that the posi-
tion dependence essentially arose from to the identity UTUE = —EU'U. Examining the
quantities involved in the identity in some detail will provide the clue of how to reproduce
the logarithms. F is the operator conjugate to the dilatation operator (R.1§). At A = 0,
for a bit string of length [ we see that E is the sum of the conformal dimensions of all the
letters composing the string, therefore from the discrete world sheet point of view it is a
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global charge on the world sheet. As we have argued from ([[.1)), we see that turning on A
renders o/ finite, which introduces interaction between the bits at one loop. At the planar
level, this interaction just involves only nearest neighbours at one-loop in A. Therefore,
the global charge F gets corrected to E + )\lezl H, 11, where Hg o1 is the anoma-
lous dimension Hamiltonian which contains the information of the interactions. Similarly,
U'U = exp(%(Py — Ko)), where Py and K are global charges on the discrete world sheet.
Again at one loop in A the charges Py — K gets corrected to Py — Ko+ A zlszl 0K s, 5+1-
Here we have chosen a scheme in which the global Lorentz generators are not corrected and
the interactions are present only in the corrections of the special conformal generators. We
will show that it is possible to choose such a scheme. The corrections H and 6K, are such
that they have to respect global SO(2,4) invariance to one-loop in A. This will ensure that
the identity UTUE = —EU'U is satisfied to one-loop in A, which in turn guarantees con-
formal Ward identities at one-loop and thus reproduces the logarithmic divergences. We
will explicity implement this strategy in this section to obtain the logarithmic corrections
in both the two-point function and the three-point functions in the bit string picture.

Structure constants. To indicate how to incorporate the corrections to structure con-
stants, let us recall how they arise in the gauge theory. Consider a set of conformal primary
operators O;.° By conformal invariance, the general form for the two-point functions of
these operators at one-loop in A and at large N is given by

1

(z1 — 22)

<Oi($1)0j ($2)> = A, (5ij + )\gij — )\’yi(sij 1n((x1 — xQ)QAQ)) . (4.1)

Note that at one-loop one also obtains a finite constant mixing matrix g;; proportional to
A. Though this matrix in scheme dependent, it contributes through a scheme independent
combination to the one-loop corrections to the structure constants. We now detail the
precise combination by which it contributes to the one loop corrections to the structure
constants. The three point function of these operators at one loop is given by

1
<Ol($1)0](x2)0k($3)> - ‘x12‘Ai+A]’*Ak‘x12‘Ai+Ak*AJ‘ ’x23’AJ‘+Ak*Ai

T19213A T19%93A
CO 11— My In [ 222 - Ay In | 222285
J x93 x13

A .
13 |] + ACZ.(;;) .
)

Here again the finite constant é’fjlk is not renormalization scheme independent, but the

X (4.2)

—)\’Yi In | 19

following combination is the scheme independent correction to the structure constant

1 ~ 1) 1 0) 1 0 1 0)
Cz‘(jlz = C@-(jk - §gii/cz'(jk - §9jj/cz(jf)k - 59%/0@'(]% (4.3)

A more detailed discussion of the one loop corrections to structure constants is given in

BJ)-

9We will work with scalars and choose a basis such that their anomalous dimension matrix is diagonal

for simplicity.
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We will now argue the that the metric corrections g;; can be understood as the changes
in the inner product of the states built with oscillators a, b, ., 5 . A convenient way to think
of the metric correction g;; in the two-point function is that it is a correction to the scalar
product of the corresponding states. It can be isolated from the logarithmic corrections
by evaluating the two-point function with the operator O; at xo = 0 and the operator
f00;(0), where f refers to the inversion z# — —z*/2%. Evaluating the two-point function
we then obtain

. 1 R
{f00i(0)0;(0)) = lim WQJZA“LM' (0ij + Agij) , (4.4)

= dij + Agij-

Note that here we have performed the inversion also at one-loop in A to cancel the loga-
rithmic corrections. We will refer to this two-point functions as to the norm. In the bit
language performing the inversion on one of the states is equivalent to acting on it with
the operator U2 = exp(mMjys), which corresponds to the inversion (8.2(). Then the norm
of the operators O; and O is given by

(0[O} (0)U20;(0)]0) = (0|s[UTUUs;|0), (4.5)
= (0s!s;/0),

where O;(0) refers to the state in the string bit Hilbert space. To obtain the first line of
the above equation we use the definition that a state in the string bit Hilbert space is a
obtained by the action of U on the fock space of oscillators. Here we have denoted this
state by s;,s;. For instance the s;’s for the basic letters of N = 4 YM is given in the
first column of table |. To obtain the last line we have used the fact that U f = U and
U%* = 1. Thus the norm of two operators is just the inner product in the Fock space of
the oscillators. This fact is more obvious when one considers only the scalar SO(6) sector,
since the in this sector the states are created only by the fermionic «, 3 oscillators and the
norm is entirely governed by the inner product of these fermionic oscillators.

We need a strategy to incorporate the change in the norm at one loop in . At first sight
it would be hard to imagine one can consistently deform the inner product of the oscillators
to incorporate the nearest neighbour interactions. This deformation also should respect
the global PSU(2,2|4) symmetry of the theory. In critical string theory compactified on a
circle in the direction 9 say, the norm of the oscillators in the direction of the circle is given
by (afa?,) = G%. Here the change in the norm of the oscillator ag is due the change
in the corresponding kinetic term. This provides us the clue to incorporate the change in
the norm. We must first write down a world-sheet Lagrangian for the oscillators a, b, o, 8
with nearest neighbour interactions proportional to A such that the quantization of the
Lagrangian gives the usual inner product along with a correction proportional to A. This
will provide us a consistent deformation of the norm. A natural choice for the world sheet
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Hamiltonian is the operator E 19, the world sheet Lagrangian for the A = 0 case is given by

l . ~ 1 .
S=Y [ty (0.~ 0du) + ulv.+ 5 (elowe - agle). (40

Here 9 and ¢ refer to the SO(2,4) spinor and SO(6) spinor defined in (R.9) and (2.21)
respectively. Note that the potential term 71 breaks global SO(2,4) invariance !, it
is clear that this is necessary as the Hamiltonian is one of the generators of SO(2,4).

Performing canonical quantization on this action we obtain the world sheet Hamiltonian

!
M= 3 vy =3 3 (ala, +bibl) = B (1.7)
S S

The commutation relations of the oscillators are the ones given in (R.1() and (2.29). As
we have discussed earlier for the case of critical string theory compactified on the cir-
cle, a world-sheet deformation which modifies the commutation relations of the oscillators
{a,b, a, 3} must be proportional to the kinetic energy term in the Lagrangian ({.§). In sec-
tion 4.2, for the SU(2) subsector, we will introduce such a deformation in the Lagrangian
which modifies the commutation relations of the oscillators to include interactions with
nearest neighbour oscillators. We show that such a deformation is unique upto a propor-
tionality constant and it preserves the global SU(2) symmetry. We then use the approach
developed by [Bg] to construct the deformed two-string vertex and the three-string vertex.
Using these new vertices we show that the structure constants obtained from the bit pic-
ture in the SU(2) sector agree with those of the gauge theory evaluated in [B({], up to a
proportionality constant.

4.1 Logarithmic corrections at one loop

Two point functions. As we discussed earlier, at first order in A we have nearest neigh-
bour interactions between the bits. We have indicated this correction to the string bit
overlap for the two-point functions schematically in figure ([]). From this figure it is clear
that it suffices to focus on the corrections to the two bit overlap, just as for the case of
A = 0 it was sufficient to focus on the single bit overlap. The first step in our strategy
is to evaluate the corrections to the global charges P, and K. It is most convenient to
write the corrected charges in terms of differential operators acting on the oscillators states.
For simplicity we will work in the SO(6) subsector, though the discussion can be easily
generalized to all sectors. The charges at one-loop in A for a two bit state in the SO(6)
sector is given by

P, exp(—ixP))|s152) = —i0, exp(—ixP)|s152), (4.8)
K, exp(—izP)|s1s2) = i(2(A0 + AHio)x,

0ne can possibly assume that there exists a a gauge in which the world sheet Hamiltonian is the
conformal dimension of operators just as in the case of the plane wave limit where A — J is the light cone
Hamiltonian.

Hahep is SO(2,4) invariant
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Figure 4: Nearest neighbour interactions in two-string overlap

+22,7 - 0 — 220, exp(—iz P)|s152),
= (K;(LO) + 2X\Hox,,) exp(—ixzP)|s152),
E exp(—izP)|s1s9) = (AY) + AHyy) + 2 - 8) exp(—izP)|s1s2),
= (EO) 4 XHy3) exp(—izP)|s152).

Here A(®) = 2 for the two bit state |s1s2), and sysy refer to the two SO(6) labels of the
states. This state can be written in terms of the fermionic oscillators «, 3 acting on the two
bit vacuum. P = P} + P, is the global momentum of the two bits and similarly K stands
for the global special conformal generator of the two bits. His refers to the anomalous
dimension Hamiltonian which has the information of the interactions between the two bits,
it can be written in terms of the fermionic oscillators. It is easily shown that these corrected
generators satisfy the conformal algebra (B.1) to first order in A. In doing this one uses the
fact that Hio is a Casimir of the A=0 algebra [BY], therefore in the manipulations we can
treat Hio as a c-number. Let us now show that the identity UUE = —EU'U is also true
to one loop when U is constructed out of the corrected generators given in ([.§). We first
evaluate UTU to first order in A

Utu

Y .
exp <§(P0 - 2@)\:60H12)) , (4.9)
s
= exp 5 <P0 - Kéo))

: " t w 1—t
—iXHi2 / dt exp(3(Py — Ky”))o exp (T( Py — Ko(o>)>_
0

Here we have used the following expansion, which is valid to first order in A, for any two
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operators A and B.
1
exp(A + AB) = exp(A) + / dtexp(tA)ABexp((1 —t)A) + O(N\?). (4.10)
0

In ([.9) we have also used the fact that Hio is the Casimir of the algebra at A = 0 to move
it to the extreme left. Now, to evaluate the integral on the last line in (f.Y) we use the
following relation

4 t t
/ dt exp(5(Po — K)o exp(— 5 (Po — K§")
0
B /7r 2z cost + (1 — z?)sint
Jo  2ixgsint + (1 — 22)cost + (1 + x2)’
= —ilog(z?).

(4.11)

The simplest way to obtain the first line of the above equation is to realize that Py — Ky =
2Mj5 and use the geometric action of the rotation Mos on xg. This action is not linear, but
Mo acts linearly on the light cone coordinates introduced in [B7 as a rotation. Using the
relation of the light cone coordinates to z* one obtains the relation in ([.11)). Note that the
occurrence of i in the above equation is due to the fact that transformation exp(tMps) acts
as a boost but with imaginary angle. Furthermore, for convenience, we have worked in units
so that the coordinates are dimensionless. Reinstating the dimensions of the coordinates
would give a scale in the logarithm of the above equation. Substituting (fL.11) in (E.9) we
obtain the formula for UTU to linear order in A

UTU = (1 — AHyz log(22)) exp g(Po — K\, (4.12)
= (1 — AHyplog(22))(UTD)©.

It is now possible to verify the relation EUTU = —UTUF to first order in X. The steps
involved are indicated below

EUTU = (AD) 2.9+ \Hp)U'T, (4.13)
= (A® 4 2.9+ AHi2)(1 — AHyg log(2?))(UTU) O,
= UTU(=AQ) — 2.9 — 2XH\y + AH}3),
= -UUE.

The ingredients we have used in the manipulations are the fact that the zeroth order
operator E() anti-commutes with (UTU)©), Hyy is a Casimir and finally [z-0, log(22)] = 2.
In fact it is this last fact which gives the extra —2AHio in the third line of the above
equation. We have of course retained only terms to order .

It is clear from the method of conformal Ward identities of the previous section, that,
once the UTUE = —EU'U is true to order \, the equation (B.10) becomes

(205 4 y0y + 200 4 20H 9)I(z,y) = 0. (4.14)
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Figure 5: Two body corrections to 3-string overlap

This together with translation invariance results in the following solution for the two-point
function for the two bit states |sis2) at « and |s|s) at y

I(z,y) = mu — A log(z — y)?). (4.15)
In the above equation A refers to the c-number (sqs9|Hio|s)s5). This is the required
two-bit overlap of the two-bit states, which on summation over all the nearest neighbour
bits reproduces the required logarithmic corrections in the two-point functions. Thus the
overlap with the corrected U as given in ([.19) reproduces the logarithmic corrections in
the two-point functions.

Three-point functions. It is clear that once the logarithmic divergences of all primaries
in the two-point functions are fixed, then from conformal invariance one can also determine
all the logarithmic divergences in the three-point functions. Here we want to see how these
arise in the three-string overlap. As before, to keep the discussions simple, we will restrict
our attention to the SO(6) subsector, but it can be easily generalized to all primaries.

The figures (f) and (f), schematically indicate the nearest neighbour interactions that
need to be included in the three string overlaps for both the length conserving process
and the length non-conserving process. The interactions can be divided into two basic
types: (i) Two body interactions, which involve interactions between nearest neighbour
bits belonging to any two of the strings participating in the three string overlap. These are
shown in figure (f). (ii) Genuine three body interactions as shown in figure (f)

The logarithmic corrections for the two-body interactions are identical to the correc-
tions encountered for the two-point functions. The reason for this is as follows: let the two
bit-strings involved in the two-body interactions be at positions 1 and z3. Then the near-
est neighbour bits in each of these strings are at these respective positions. The corrections
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Figure 6: Genuine three body corrections to 3-string overlap

to UTU are then identical to that encountered for the two-point function. The discussion
of the previous section goes through and the logarithmic corrections are identical to those

for the two-bit case, discussed in the previous section.

As for the genuine three-body interactions, it is clear that one cannot just use the
corrections to UTU to evaluate the logarithmic divergences to the overlap. This is because
two of the bits belong to two different strings and therefore they are at two different
positions. Then the corrections to the charges cannot be just written as those given in (@),
which assumes that the two bits are the same position. The generic three-body interaction
will involve two bits at two different positions, which belong to two different strings, say
string O; and Os, and two nearest neighbour bits which belong to the third string Os, as
indicated in the figure (). The strategy we will employ to obtain the corrections to the
overlap is, first, to obtain the two bits at different positions as an expansion of the same
bits at a common position and then perform the overlap onto the two nearest neighbour
bits of the third string O3. When A = 0, this expansion is just a simple Taylor series
expansion. But, at finite A, when the bits are at the same position, they carry anomalous
dimensions. The simple Taylor series expansion does not respect this scaling and therefore
we have find the appropriate expansion, which is the usual operator product expansion,
given, for example, in [B7. In the language of the bits it is given by

U1 exXp (—imlPl)]31>U2 exp (—i.%'gpg)‘82> = (4.16)
1 .
xi\QHmF(l + 5)\H12; 2+ )\ng; —(1‘12) . 82)U eXp(—Z.%'Q(Pl + PQ)’31>‘82> —+ -

The subscripts on the operators U and P just refer to the site at which the operator acts.
F(a;c; z) refers to the confluent hypergerometric function, which has the following integral
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representation

c 1
F(a;e;2) = %/0 du - u® (1 — u) 0 v (4.17)

Note that on the left hand side of the equation (f.1) the bits are at the same position xo
and the operator U acts on both the sites. In performing the operation (x12-02)" only the
symmetric and traceless components are retained. The dots in (§.16) refer to the tensor
primaries at higher levels, and we have also kept only the contribution from the scalar and
its conformal descendents. This is sufficient if one is interested in only three point functions
of operators belonging to the SO(6) subsector. This is because, finally we have to take the
inner product of the expansion of the left-hand side of (Jl.16) with two bits consisting of
only scalars at position xg. Therefore only the scalar component in the expansion survives.
Since the operator on the left-hand side of ([.16) is at the same position, we can now

evaluate the inner product with two nearest neighbour bits of the third string, obtaining

T (s}, 85,81, 82) = (s]|(sh] exp(iz3 PHUTUL exp(—iz1 Py)|s1)Us exp(—iza P2)|s2),
1 Hig Hio
= (S0 L B (1~ P exp(urs - Ouy) el s2). (419)
32

Note that the overlap is identical to that occurring in the two-point function. To obtain
the second line, we have substituted the equation (f.15). Performing the u integral we

obtain
1

T(s],8y,51,52) = 55 (1 — AA(In |z13] + In |z93] — In |z12]). (4.19)

13723
where A = (s]|(sh|Hy2|s1)|s2). The integral in (4.1§) is evaluated by first expanding all
the terms one order in A. The easiest way to argue the result of the integral is that given
in (4.19), is to choose a holomorphic direction and set x12 = z12. Then the exponential
with the derivative just acts as a translation with the parameter —uz1o. This is because
choosing a holomorphic direction automatically ensures that there is no trace in the action

of the derivative. Now it is easy to act this on the function 1/z4; %

and perform the
integrations. Then one can reinstate the value of z12 as x12 to obtain the above result.
The result in (.19) is the required answer between for the genuine three body interactions
to reproduce the logarithms in the three-point functions. Thus we have shown that the

overlap at one loop in A reproduces the logarithms for the three-point functions.

4.2 Structure constants in the SU(2) subsector

As argued in the introduction to this section, to obtain the structure constants we need
to deform the commutation relations of the oscillators {a, b, ., 3}. The consistent way to
do this is to obtain the deformed relations from a world-sheet action. In this subsection
we show that in the SU(2) subsector one can uniquely determine the nearest neighbour
interactions in the world sheet that reproduce the structure constants to one loop.

The SU(2) subsector consists of gauge invariant operators made of two complex scalars
belonging to two different Cartans of SO(6), say z and y. In terms of the oscillators, only
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one of the a’s and one of the 3’s are excited in this subsector. The generators for the
SU(2) subsector are given by
J' = @otp (4.20)

where o* refers to the Pauli matrices and ¢ is the SU(2) spinor given by

o= <_%T> . ¢=(al,-8). (4.21)

The operators corresponding to the two states are z — |0) and y — af37|0). Note that the
combination @ is U(1)z invariant.

To obtain the corrections to the structure constants we start with the following bit
world sheet Lagrangian in the SU(2) sector.

l .
1
L= Z |:§ (@sat@s - 815@8()05) (422)

+ )\15(8558150'@%03 — 04 P50t ps) (¢s+10280s+1 + 853710280571)

T, _ _ _ _
+ )\25(%@% — O PsPs) (Pst1Ps+1 + Ps—1Ps—1)
+ )‘V(QDSSDHI)] .

As argued in the introduction to this section, we need to modify the kinetic energy term
in the action with nearest neighbour interactions so that we will obtain deformed com-
mutation relations for the oscillators, which will in turn change their norm. The terms
proportional to A\; and Ay in (}1.29) are the most general nearest neighbour interactions
consistent with the following symmetries:
e Local U(1)z symmetry. All terms occur in combinations @s¢s which respects local U(1)z
symmetry.
e Orientation preserving symmetry. That is, the interaction with the s + 1 th site is the
same as the interaction with the s — 1 th site.
e Global SU(2) symmetry. In (4.29) we have parameterized the interaction into two com-
ponents. A; refers to the strength of the spin 1 interaction between the nearest neighbours,
and A9 refers to the strength of the spin 0 interaction between the nearest neighbours.
Both A1 and A9 will in general be proportional to the 't Hooft coupling.
In (29), the potential V (¢s, psi1), refers to the anomalous dimension Hamiltonian. This
is because we require the world sheet Hamiltonian to be the operator E, which measures
the conformal dimension. The zero point energy of the a, b oscillators already provide the
bare dimensions of the operators in the SO(6) subsector. For the first order action given in
([{29), the Hamiltonian is just given by the potential V (o5, ps+1). Therefore, the potential
is the anomalous dimension Hamiltonian. In the next section we will provide a gauging
principle which determines this potential, here we just focus on the structure constants.
Our strategy will be first to quantize the Lagrangian given in ({.29), and determine the
modified commutation relations. Then we construct the vertex which implements the delta

function overlap consistent with the modified commutation relations, and finally evaluate
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the overlap of the states. We will show that the structure constants are identical, upto to
an overall constant, to those obtained in the gauge theory calculation of [B(]
The canonical conjugate momenta to ¢, and @, are given by

1 _ ’L')\l _ . _ , B .
e — [_@? + —(@s0")a (ﬂﬂs+1UZ<Ps+1 + %—102%—1)

2 2
iAo, ~
+ 58 (Psr1si + Psm1ps1) | =0, (4.23)
- i .M o o
e T 9% + 7(0 Ps)a (Ps410" P51 + Ps10'Ps 1)
A |
+ 7280? (Ps+1Ps+1 + Ps—19s-1) | =0,

where a, b, ... takes values 1,2. We will denote the first and the second equations as Cye = 0
and Cga = 0 respectively. These are second class constraints as their Poisson brackets are
non-zero. To quantize a Lagrangian with second class constraints, we need to use the Dirac
brackets. To this end, let us compute the commutation relations among the constraints.
They are given by

{Cpa,Cpp} =0, {Cge,Cpr}t =0, (4.24)
{Cap‘;acggg} = 5st5ab

+ A15st¢§a (@s+10i%+1 + @5—10i<ﬂs—1) ‘
+ A (0" @t)b (Ot41,5(Pr410")a + t—1,5(B1—10")a)

+ >\253t5ba (QstrlSDerl + Qbsfl@sfl)
+ A2} (Te1,6 P81 + 01,680 1) -

The Dirac bracket is then given by [i(]

{74, wthoe = (@8, ¢/} — {#8, O HCo 0@3/}71{90%, ot} (4.25)

Here summation over u, v, ¢, d is implied, and we have also used the fact that the matrix
of the commutation relations of the constraints is off diagonal (l.24). Substituting the last
equation of (f£.24) and evaluating the inverse in (f.2§) upto first order in \’s, we obtain

{SEZ’QD?}DB = 5s,t5a,b (426)

- >\15stf72a (@s410"@st1 + @5—10i<ﬂt—1) ‘
— M (0" 01)p (6041,5(Pr410")a + 0t—1,5(Bt—10")a)

- )\258t5ba (@s—l—l(ps—l—l + @8—1()08—1) - )\2410[; (5t+1,s¢7g+1 + 5t—1,595?—1) .
The rest of the commutators vanish
{e%, elloe =0,  {¢% @ pe = 0. (4.27)

From now on, (anti-)commutation relations involving the ¢’s will always be understood
as Dirac brackets. To prove that these relations are consistent, one can show that the

,35,



following Jacobi identities are satisfied to linear order in \’s.

[0S, {82, O} + (0%, {eh, 53] + [eh, {5, 23] = 0 (4.28)
25, {2, ot + (82, b, @51 + b {85, 82} = 0.

To construct the delta function overlaps, it is convenient to work with oscillators which
are diagonal either in the position space or in the momentum space. To this end we define
the oscillators y which satisfy the usual commutation rules.

A B . 3 .
Xs = s + E(UZ(PS)a (<Ps+1UZ<Ps+1 + %—102%—1)

A2 _ _
+ 7@? (Ps+19s+1 + Ps—195-1) , (4.29)
_ D P ; _ '
X(sl = (p(sl + 7(( saz)a ((Ps+1UZ(P5+1 + (ps—lo'l(ps—l)
Ao 4 _
+ 780? (Pst+1Ps+1 + Ps—1Ps-1) -

With these definitions, it is easy to verify that the commutation relations of the x’s to first
order in A are given by the usual relations

{Xe X0} = 0atdans X3¢} =0, {x5, %} =0. (4.30)

From the definition of the x’s in ([.29) it is clear that the vacuum state for the ¢ oscillators
remains a vacuum state for the x oscillators. It is also useful to have the inverse relations

05 = Xs — %(O_iXs)a ()Zs+10iXs+1 + Xsflo'iXsfl)

- %X? (Xs+1Xs+1 + Xs—1Xs-1) 5 (4.31)
Ps = Xs — %((XsUi)a (Xs410" X1 + Xs—10"Xs—1)

- %X? (Xs+1Xs+1 + Xs—1Xs—1) -

Note that, using the y oscillators, it is easy to construct the global SU(2) generators to
the leading order in the \’s. They are given by > % y(s)o'x(s).

To obtain the corrected structure constants, following [Bg], we define the overlap using
the diagonal oscillators x’s. To be more explicit it is convenient to work with the SU(2)
invariant vacuum given by

0)" = =470),  then  "|0)" =0,
¢°0) = afgfo),  for a=1,
= |0) for a =2, (4.32)
It is clear, using (f£31)), that the vacuum |0) remains the vacuum for the x oscillators.
This is because the A corrections in ([.31]) involve annihilation operators y, which can be

replaced by ¢ to the leading order in A. It is sufficient for us to deal with the two bit
overlap for the sites s and s + 1. This is given by

a1 0] s (0 L X EXAXD 41 [0)4]0), g = 55 (4.33)
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The sites s and s + 1 can be on bits belonging to two different strings. Such a situation
will occur in a three-body term. To obtain the A dependence of the two-point functions or
three-point functions in string theory, we need to evaluate the overlap constructed out of
diagonal oscillators x, as in ([3J), on the old states constructed out of the ¢ oscillators
BY]. We now give the results for the overlap of two-bit states.

(Olg 1050004 10) = a°05® (4.34)

— A(0h)s(0l)s+1 — A2Gcalap,

To evaluate the overlap, we write the ¢ oscillators in terms of the x oscillators using
(B.31)) and then apply the definition of the overlap given in ([1.33). We can now determine
the relationship between the A’s using the fact that on chiral primaries there should be no
corrections. This implies that, when all the indices in ([:34) are same the A, the corrections
have to vanish. This condition gives Ao = —A1 = A. We thus obtain

<O‘¢§+1@§@§@2+1‘0> = 5er5® + AL - Uio'z—l—l)ca,db- (4.35)

Note that the corrections to the norm are proportional to the anomalous dimension Hamil-
tonian of the SU(2) sector which is given by > (1 — o, - 0541). To compute structure
constants one needs to evaluate the renormalization group invariant quantity given in (E)
As shown in [B] the corrections to the structure constants from all the two body terms in
the three point functions will vanish on subtracting the metric corrections. What remains
are half the contribution of the genuine three body terms. The three body corrections
can be read out from (.35). Therefore we find that the structure constants in the SU(2)
sector is dictated by the anomalous dimension Hamiltonian, which was the result in the
gauge theory calculation of [B0]. Here we have arrived at this conclusion entirely from the
symmetries in the bit picture and using the formalism of [B§] to obtain the corrections to

the overlap.

5. Anomalous dimensions for the SU(2) sector.

Throughout this paper we have emphasized the role of the oscillator variables for a string bit
formulation of N' = 4 Yang-Mills. One of the underlying symmetries in this formulation is
thelocal U(1)z = Nq+No—Ny—Npg . In section 2.3 we saw that the spectrum was obtained
after gauging this symmetry. As we discussed in the previous section, this symmetry also
played a role in determining the structure constants in the SU(2) subsector, at one loop
in A. In this section we present a linear U(1)z gauged model for the oscillators ¢, which
reproduces the anomalous dimension Hamiltonian to two loops. To be precise, we define
the anomalous dimension Hamiltonian to be given by

n=1

00 l
expc (Z A"HW) = / DU exp(d | g(¢lUs s410511 + hoc)). (5.1)

where Uy s11 are U(1) link variables. Under local U(1) transformation the link variables
transform as Us 511 — exp (i65)Us 41 €xp (—i6s41), thus the Hamiltonian on the left-hand
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side has local U(1)z symmetry. It has global SU(2) symmetry and is also just a linear
model in the spinor variables (. Only nearest neighbour oscillators are coupled in the
model. The integration over the link variables is just the classical integration and DU =
Hls %(U 1dUy). The coupling g depends on the 't Hooft parameter A. It will turn out to
be proportional to the square root of the 't Hooft coupling. ¢ is an overall constant. In
fact, the above model is a simplified version of the one considered in [[], iJ] to obtain the
Heisenberg spin chain.

At first sight it is not immediately obvious that one would obtain next nearest neigh-
bour interaction of the kind required for the two-loop anomalous dimension Hamiltonian,
since the model involves only a nearest neighbour coupling. Also, it is not obvious one
would obtain a local Hamiltonian after integrating the link variables. In this section we
integrate out the link variables in (f.1]) to two loops and show that we obtain the two-loop
anomalous dimension Hamiltonian for the SU(2) subsector, as found in [iJ] from a gauge
theory calculation. We also show that the gauged linear model obeys BMN scaling to all
loops. In deriving both these facts we neglect the contributions of the modified commuta-
tion relations obtained in the previous section. These would in principle contribute from
two loop and above. A complete analysis would require to keep track of their contribution
at all loops. We leave this for later work, but independently of this, one could ask the
question if the model in (B.I]) reproduces the three-loop anomalous dimension Hamilto-
nian found in [i4, 5 2. Unfortunately the answer turns out to be negative, but in the
appendix [ we show that the inclusion of non-nearest couplings in (B.1]) is sufficient to
reproduce the anomalous dimension Hamiltonian to three loops. It would be interesting to
see if the simple model presented in (f.1)), together with the modified commutation rules
due to just the nearest neighbour interactions introduced in (%.29), would reproduce the
anomalous dimension to three loops.

5.1 Anomalous dimensions to two loops

Consider the linear model in (f.]) to two loops
l
exp(cOH®D + AHE)) = / DU explg 3 (AUs 11+ AU, 411)) (5.2)

where Ay = @spsi1 = alasﬂ + Bsﬂ;rJrl and c is an overall constant. As an illustration
of the calculations involved we first obtain the one-loop answer in detail. We start by
expanding the exponential and then perform the U integrations. Due to the U integrations
only even powers of g are retained, and for the one loop answer it is sufficient to retain
only the second order term. This is given by

2
o g
HL — /'DUE Zt (ASAI + AiAt> U578+1Uj7t+1, (53)

2
-7 4 At
=3 ZS:(ASAS+ASAS).

12\We thank Jan Plefka who emphasized on testing the model to three loops.
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On external states, which satisfy the U(1)z constraint, it is easy to see that Al A, = A AL
This is due to the commutation relation

(A, Al] = 0,4Gy = 00 (N2 = NJ = (N = N2, (5.4)

where NSO‘,NE refer to the number operators of the oscillators «, 3 respectively. Note
that the right hand side of this equation is the U(1)z charge, which vanishes on physical
external states. We will refer to this as the Gauss’ law constraint G. Therefore the last
line of equation (f.J) reduces to

2
a0 = % 3 a4l (5.5)

2
g
=3 Zs:(l — 05" Os41)-

In the last line of the above expression we have expressed the operator ASAI; in terms of
Pauli matrices. To do this one uses the identifications of JT,.J~, J? in terms of oscillators
given in (f20) and the U(1)z constraint. Equating the leading order expansion on the left
hand side of (b.9), we find

AHW = Z — 0s0541). (5.6)

We have thus obtained, up to a proportionality constant, the one loop anomalous dimen-
sion Hamiltonian found in [if] for the SU(2) subsector. See [[[2] for a recent review on
developments in this subject.

We now proceed to expand (5.2) to order g* to obtain the two-loop Hamiltonian. At
this order one encounters the following

_ 4 4

H(Q) = %/DU [Z(ASUS-l-l +ASUS+1)] (57)
g4
41

3 (ASAtAiAI " ASAtAIA1> — 3" AAALAL
s,t s
+(5 Permutations)]

In the second line we have performed the U integrations, which retains only terms with
equal number of A’s and Af’s. The permutations refer to all other possible arrangements
of 2 A’s and 2 A’s. Using the commutation relation in (5.4) we can bring all the other
permutations to the standard form, in which all the A’s are to the left and A'’s are to the
right. In performing this operations there are additional terms which arise due to right
hand side of (f.4). It is easy to see that all these terms cancel. We will illustrate this with
the following term which is the permutation of the standard term

3 (AsAgAtAI + A, Al AtAg) — Y AAlAAl (5.8)

s,t
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_ Z <A A ATAT + A, AtATAT> - ZA A ALAT

—ZAGA ZA ZGtAH—ZAGAT

Here G refers to the Gauss’ law constraint defined in (b.4).The last line contains the terms
obtained after moving the A’s to the left. Note that first and the third terms of the last
line cancel each other and the middle term vanishes identically, since Zy Gy = 0. Using
this procedure, all the five permutations in (@) can be brought to the standard form.

What remains now is to write the standard form in terms of Pauli matrices. This is
done by bringing together the A’s and A" which have the same position index. Once they
are together we can easily write the various terms as Pauli matrices. Performing these
manipulations we have

H® = 69" <2ZA ATZAtAT+22A G AT + = ZAS,At AUU]) (5.9)

s,t

We have not included the term ASASAEAI,, as it can be shown to vanish on any external
state satisfying the U(1)z constraint. To evaluate the extra terms we need the following
commutation relations
Gy Al = (01 + Orep1 — 2050) A, (5.10)
2

(A, Af] = 6,11 AP) = 651147,

AL, A]] = G115 AP — 6151 AP,
where Ag) = QsPsta = alaerg + Bsﬁ;r 4o- This involves oscillators of next to nearest

neighbour positions. Substituting the above relations in (p.9) and using the fact that when
the Gauss’ law G is on the extreme right it vanishes on physical external states, we obtain

~ 4 4
7 _ % S A AfAAf + gz 3 <—4A5A£ n Ag)Ag?ﬁ) , (5.11)
s,t S

gt 1 ? gt 1 1
= E 25(1_08'084—1) +Z;<—4§(1—US'US+1)+§(1_03'08+2)>7

S

= %02)\2(H(1))2 +cA2H®?),

Note that the non-local term is precisely the one due to the expansion of the one-loop term
in the exponential. The local term is proportional to the two-loop anomalous dimension
Hamiltonian. The relative coefficient of the nearest neighbour term and the next near-
est neighbour term ensures BMN scaling. To obtain the two-loop anomalous dimension

Hamiltonian, one then chooses cA = g?/2 and cA? = g*/8 which gives A = ¢?/4 and ¢ = 2.
13

13Using a similar gauged linear model for the SU(1]1) subsector we obtain the leading 1/J piece of the
2-loop anomalous dimension Hamiltonian found in [@7@] Restricting the model to the SU(2|3) subsector
we have verified that we obtain the 1-loop anomalous dimension Hamiltonian for this subsector.
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BMN scaling to all loops. We now show that the nearest neighbour interaction in
(B.1) gives rise to anomalous dimensions satisfying BMN scaling to all loops. '* Recall
that the nearest neighbour coupling ¢ U s+1¢s+1 + h.c. in (@) can be written as A + Af
where A = >, AUs 541 and AT =3 AlU;SH, we first note, using (5.4) [A, AT] = 0. This
allows one to write VAV = VAT VA The n-loop term then comes from the operator

1 n
" / DUA™ A", (5.12)

Our strategy will be to determine the representation of this operator on physical Hilbert
space. In the BMN limit the relevant states are the ones with large J that have small
number of impurities distributed sparsely. Let us denote the two SU(2) doublet states as
|0), which we shall call ground state and «of37|0) which will be called the impurity at a
given site. In the BMN limit the distance between any two impurities is greater than n
where n is the order of perturbation we are interested in. Since we will finally be taking
the local terms in the interaction (the non-local terms canceling from the lower order terms
as explained above), it is sufficient to focus on just one impurity say at site s. This state
denoted by |1bs) is then al3![0) where [0) = [1; 10)¢. It is easy to see that the action of A

on [¢s) is

Altpg) = O‘i—lUs—l,sﬁym - alU575+1ﬁi+1’0> = ‘¢8—1,8> - ‘ws,s+1>7 (5.13)
where
k—1
|¢s,s+k> = O‘I; H Us+j,s+j+lﬂ;r+k|0>' (5'14)
=0

By repeatedly applying A we obtain

n

An|¢s> = Z(_l)nik an|7;Z)$—k,ar+n—k>- (5'15)

k=0

Using the fact that the inner products

(Vs s+k| Yt t4m) = OstOkm, (5.16)

we obtain for 0 < m < 2n,

(Ws—npml AT A" g) = (1) 3" O " Ch e,

k=|n—m)|
1 dz
_ = “@e In—m)| 1 nl_ Zyn
(_1)11 / dz [n—m|—n 2n m—n 2n
— 1 — = (=1 'ms 1
57 ~Z (1—2) (-1) C (5.17)

We thank Jan Plefka for showing that the linear model in @) satisfies BMN scaling to 5-loops nu-
merically.
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where the z integral is along a contour surrounding the origin. For m outside this range
the inner product above is zero. Using the completeness relation we then find

2n

AT A apg) = (=1 2 Cl Y npm)- (5.18)

m=0

To see that this result satisfies BMN scaling we go to the states in the momentum basis

p) =Y &), (5.19)
where J is the total length of the spin chain. Then (p.1§) implies

A -
/DUB\EV1 p), = Zw/DUAT A"|p)

n
2n

A" —n 2n Tip(m—n
= > S Y ()T et ), (5.20)

(TL')2 m=0
A" . Do 1 — 472 \p? n
- Z (a2 (2 sin 7]))2 lp) — Z (nl)Q(Tp) p),

where the last relation is in the large J limit. Note that because of the coefficients
(=1)m=" 2nC,, in (5.1§), all the terms involving less powers of 1/J? cancel and the leading
term goes like 1/J2". This is the correct n-loop BMN scaling behaviour that goes like

n

(\/J?)"™. The effective Hamiltonian which is the logarithm of the above expression clearly
also obeys the BMN scaling. We can then ask whether the leading terms that survive,
give rise to the BMN anomalous dimension formula. The answer unfortunately turns out
to be negative for three and more loops. In any case as, we will show in appendix [H,
the model in (B.J]) with only the nearest interaction does not give the right kind of terms
that appear in the gauge theory 3-loop anomalous dimension. We need to include also
terms that are bilinear in ¢ and connect @ and ¢ at next nearest neighbour and next-next
nearest sites. However as we mentioned in the introduction to this section, we have not
taken into account the modified commutation rules given in ([£.26). This would in principle
contribute from 2-loop onwards. It will be interesting to see if the model with just nearest
neighbour interactions given in (p.]) together with the modified commutation rules due
to the nearest neighbour interactions given in ({.29) is sufficient to reproduce the 3-loop
anomalous dimensions.

6. Conclusions

In this paper we have shown that the N' = 4 Yang-Mills theory at weak coupling can
be formulated as a theory of a discretized string, whose world-sheet o direction is a one-
dimensional lattice of points, the string bits. The degrees of freedom of the world-sheet
consists of 8 bosonic and 8 fermionic oscillators at each lattice site. The spectrum of gauge
invariant words of the Yang-Mills theory at A = 0 is identical to the spectrum of states
in the Hilbert space of these oscillators, together with certain U(1) gauge and cyclicity
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constraints. We showed how to obtain the two-point and three-points functions of all
gauge invariant words as the simple delta function overlap of the discrete world-sheet. At
first order in A, i.e. at one loop in the gauge theory, we showed that logarithmic corrections
and structure constants can be incorporated as nearest neighbour interactions between the
string bits. In fact, for the SU(2) subsector, we could determine the structure constants
from the symmetries of the bit picture, upto to an overall proportionality constant. The
symmetries of the bit picture also enabled us to obtain the two-loop anomalous dimension
Hamiltonian from a U(1) gauged linear model of the corresponding oscillators. This model
had only nearest neighbour interactions and it obeyed BMN scaling to all loops.

There are several open problems: at a more technical level, it would be of some inter-
est to see how the modified commutation relations introduced in section 4 for the SU(2)
subsector alter the calculations of section 5 for the two-loop anomalous dimensions Hamil-
tonian.

More generally, throughout this paper we always worked in the planar limit of the gauge
theory, which corresponds to the tree-level of the discretized string theory. An interesting
question would be to study the 1/N? corrections to the (free) two-point and three-point
functions, to see if they arise as a genus one contribution in the discrete world-sheet theory.
In [E,B]’ the correlations functions in the free theory was rewritten to appear as string
like amplitudes in AdS. It would be interesting to see if there is any relationship between
this and the string bit formulation of this paper.

Perhaps the most pertinent and obvious question that arises is whether the discretized
string bit model discussed in this paper admits a continuum limit.
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A. Notations and conventions

We first summarize the conventions for the indices

AB,... 0,1,2,3,5,6: SO(2,4) indices.

V... 0,1,2 3: 4d space time indices.

m,n,... 1,2,3 space indices.

I,J,... 1,2,3,4,5,6: SO(6) R-symmetry indices.
iy s 1,2,3,4: SO(4) C SO(6) indices.
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v,0,... SU(2)r C SO(1,3) spinorial indices.

4,8,... SU(2) € SO(1,3) spinorial indices.

T,0,... SU(2)p C SO(4) C SO(6) R-symmetry spinorial indices.
7,0,... SU@2)p C SO(4) C SO(6) R-symmetry spinorial indices.
s,t,... Site labels on bit string.

We work in the signature diag(—,+,+,+,+,—) for SO(2,4). Raising and lowering the

(]

v,7 ... indices will be done as in [B4].

Four dimensional representation of SO(2,4) generators. Our conventions for the
four dimensional Weyl representation of SO(2,4) generators is as follows.

1 1
M Zhﬂu’ 71/]’ M "o 57;“,75,
1 1
M Ho — 57“, M 56 — 5’}/5 (Al)

Here the v matrices are 4 x 4, SO(1,3) gamma matrices in the the Dirac representation
they obey the algebra {y*,~+"} = —2n*", where n** = diag(—1,1,1,1). These matrices are

10
0 _
m 0 o™
ry - —O'm 0 )
01
5 .
= — A.2
v Z<10>’ (A2)

where ¢ refers to the Pauli matrices. It is easily shown that the 4 x 4 matrices in ([A.1])

satisfy the SO(2,4) algebra given in (P.J)

given by

Four dimensional representation of SO(6) generators. The conventions for the four
dimensional Weyl representation of SO(6) generators is as follows.

MY =[] MP = Lyl
. 1. 1
MzG — _5727 M56 — _575. (A3)

Where 7% and 4 x 4 SO(4) gamma matrices in the Weyl representation, they are given by

= (:@ T;) : (A.4)

ol = (1,i5) and ¢° = (1,—i7). These gamma matrices obey the algebra {7¢,77/} = 2§9.
Finally 4% is given by

10
7=yt = (0 _1> (A.5)
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One can easily verify that the 4 x 4 matrices of ([A.3) satisfy the SO(6) algebra given in
E29).

Though we use the symbol v and o to denote the matrices that occur in both SO(2,4)
and SO(6) generators it will be clear from the context and the indices p,v,... or 7,7, ...
which generator we will be dealing with.

B. Properties of the transform U

The easiest way to obtain the properties of U = exp(%Mos) given in (R.§) is to use the
4 x 4 representation of SO(2,4) generators. We first verify the relation U~ DU = ¢E. Note
that

| | )
Mos = 50°®1,  D=-Mp=—30'81,  E=Myg=50"31 (B.1)

Therefore U is a /2 rotation about the o2-axis, given by

m 1
U= —Moys) = —=(1 +ic?) ® 1, B.2
exp( Mis) = (1 + i0) @ (B2)
using the above expression for U we obtain
U™ DU = exp (—EUQ) Lot exp (EJ2) = 1o% = iE. (B.3)
4 2 4 2
The tensor product with the identity 2 x 2 matrix is understood in the above relation.
From the equation (B.3) it easy to see that the property U~ P,U = LT and UK, U = L~
is also satisfied. L* is defined as operators which have +1 eigen value with the generator
E, since E is conjugate to D and P, has + eigen value with the operator D, we obtain LT
is conjugate to P,. A similar argument can be applied to the operators L™. To be more
explicit, using P, = M5 + M, and the 4 x 4 representation of SO(2,4) generators one

U-P,U = (0 "“) : (B.4)

can show that

00

where o# = (—1,—&). The above relation implies that U‘PHU = —an&HbT when one works

with the Fock space generators. Similarly it is easily shown that

UK, K = < 0 0) , (B.5)

o, 0

where o# = (—1,5). This implies that for the Fock space generators we have UK M(AJ =
bo,a.

C. The PSU(2,2/4) algebra
Let us define the following generators for the PSU(2,2|4) algebra

Ay = ai/bi/, A = p1a7,

A
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L8 = ala’ — SN, RS = bLp° — S8y,
JT% = aTTﬁi'T’ Jir = ﬁ’f%ﬁ
LT = oo, — 55;]\@,
a a Lo
R = p716, - 500 N. (C.1)

Then the PSU(2,2[4) algebra is given by the following commutation relations.

86 516 5 o 5 <6
[A 5 AM = 57LW + 5,-YR,Y .+ 575"7]5’
[JTT, Jyo] = 65LZ + 5;3;.7 — 0,05,

Q7,57 %) = L8 — 8IRY + %555@(13 +J+2),
(Q7 7,570} = 6TR — 8L + %556§(E VIt 2),
{Q1,,57 %) = 6L + 8L + %5@5:(57 —J+2),
{QF.,87 %"} = 6YRS + ) RY + %5%;?(13 —J+2). (C.2)

Here the Q’s are defined in table . Note that the generator B = N, — N, 3 does not appear
on the left hand side of the (anti)-commutator relations, therefore it acts as an external

automorphism of the algebra.

D. Bit string overlap and three-point functions

Length conserving process. We will first consider examples of various length conserv-
ing processes to test the vertex in (B.4J)). Consider the following Yang-Mill states

1

1 : :
1 _ il 2 — J ol
© N11+1Tr(¢z ) © Nl2+1Tr(¢ %), (D-1)
1 o _ L
o) = WTr(gbZZJgNZhHQ b, i, < lo.

The normalizations are chosen such that in the large N limit the leading term in their two
point function is canonically normalized. The two point functions of the fields involved are

given by
5aa/ 5bb/

0i0qa Ovpy
|71 — 29|?

: D.2
’1'1 _mQ‘Q ( )

Zap (1) Zary (T2) =

B (1) Bl (2) =

where a,b label the U(N) indices. The three point functions of these operators in the
planar limit is given by

l+1

1) (2) (3) _
(O (21)0'%) (22)O" (23)) N|zas PG g PG 1 <1y, (D.3)
h+1
N|x23|2(l2+1)|x31|2(l1+1), 1 <1<,
h+l—1+1
— 1+ 162 + o 12’

N‘xQS‘Q(lQ-f—l) ‘x?,l ‘2(l1+1) ’
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where x13 = 11 — X2, X23 = T2 — x3. The multiplicity occurring in the structure constants
are due to the cyclicity of the trace. To evaluate this correlation function using the three
string vertex, we first set up the dictionary of states.

I
OW () = Oty +113 " —=(B5°a) (),
1 1 ;) \/5

l1+l2+1

OD(@)| = Dl +1] Y —=(do'a)(w), DA
2 2 u%ﬁﬂ Z5 (7)) (D.4)
11+l2+11 ' A
(O (ag)| = D +lp+2| Y (B at)(Bola)(t+1+1).
t=0

Here the state (1)<l1 + 1| refers to the I3 + 1 bit vacuum state at position 1, explicitly it

is given by
1+1

Oy + 1] = (0 exp( Y ix1 Pl(s)). (D.5)
s=0

Similar definitions apply for the states 2(ly + 1| and 3(l; + I3 + 2|. Evaluating the three

string vertex on these states we obtain

li+la+11l1+la+1 It

OW[@(0P0 0@ [V5) = Y 3 Y a(s,t)d(ut+1+1)

t=0 u=l1+1 s=0
1

X N|CC23|2(12+1)|x31|2(l1+1) s (D.6)
N e <l
T Nlags 2Dz 20+ 1
lh+1
N|x23|2(l2+1)|x31|2(ll+1)’ h <1<,
- 1
_ li+1—1+ . l2‘

N\x23\2(l2+1) ‘x31’2(ll+1) !
Thus the overlap rules of the three string vertex agrees with the gauge theory correlator

given in (D.J).

Length non-conserving processes. As an example for a length non-conserving process,
consider the correlation function of

1 . .
1 — J i 1=l
O (a1) = = Tr(e/14'21 7)), (D.7)
1 .
(2) _ i m k_li—m
0 (a) = ——s (¢!,
1 .
(3) _ jon kzlij—n . . o
O (x3) - Nl3+2Tr(¢ z ¢ z )a Z#] #k, l1+l2—l3-
The correlation function of the three operators in the large N limit is given by
(1l +m,n) 1
(1) ) ®3) — ’ D
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For this process, the length violation is 2 units. To evaluate the correlation function in

string variables we set up a dictionary similar to the previous case.

I1+1
(OW] =" W1y +2|(857 ) (s)(85" ) (s + 1 + 1), (D.9)
s=0

I3+2
(O = > By +2/(B5°a) ()(B5" ) (t +m + 1),
o |
(0P =" O3 +2/(857 ) (u) (86" a) (u +n +1).

u=0

Evaluating the length non-conserving vertex in (B.43) with I = 1 on these states we obtain.

OW® (0P e (00 |15) = (D.10)
I3+1101+1 I3+2
S DD dswd(s + 141,00 +1)6(t, 1 + 1)
u=0 s=0 t=Il1+1
1

1 2
St+m+Lu+s+n+2)x N|z1o[2|wog[202FD) |2 5]202+1)

 N|wi2|?|ags|2l2tD|zy5 20141

Here the two delta functions with [y + 1 in the argument are due to the fact that the 1
and 2 strings overlap only if the bits at the I; 4 1 sites are equal. The argument in the last
delta function u + s + n + 2 is due to the fact the overlap of the 2nd and 3rd string are
shifted by I = 1 in (B.4J). Thus there is agreement with the field theory calculation (D.§).
The above calculation can easily be extended to cases with ¢ = j etc.

E. Anomalous dimensions at three loops

As we mentioned in section 5, the model given in (f.9) is not sufficient to obtain the
anomalous dimensions at three loops. In this appendix we show that it is possible to
reproduce the anomalous dimensions to three loops for the SU(2) subsector using a gauged
linear oscillator model, but with bilinears of oscillators at positions (s, s + 2), (s,z + 3) in
addition to oscillators at (s,s+1). Let us define the anomalous dimension Hamiltonian to

be given by
3 3
exp(cz AHM)Y) = /DU exp( Z 9" (AU, 0+ hic)), (E.1)
n=1 n=12,3,s

where g = VA and f,, are functions of the ’t Hooft coupling A, with the expansions given
by

fi = fio+ A1 + A2 fia, (E.2)
fa = fao + Afa1,
I3 = f3o-
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In these expansions we have assumed that the couplings f,, are themselves expansions
of in the 't Hooft coupling A\. U ¢4y is a link variable which transforms as Us g1, —
exp(i0s)Us, s4n exp(—ibs4y) under the local U(1)z transformation. The anomalous dimen-

sions to three loops is given by [f4]

H(l) =a, H(2) = ags — 4(11,
H(3) = 2(13 — 12&2 + 30@1 + t2 - t3’ (E3)

where the a, and t,, are defined by
anp = (1 — 05 054n)s (E.4)

)
1—os- Us—i—l) 1—0s42- Us+3)7
)

tr = ( (
to (1 —=0s-0s12)(1 — 0541 0543),
ts = ( (

1—os- US+3) 1—0sq1- Us+2)-

In the above equations summation over the sites s is implied. Now our strategy will be to
perform the integrations over the link variables in (@) and determine the f,,, and ¢ so
that the anomalous dimensions to three loops, known from gauge theory calculations, is
reproduced. At this point one might think that there is a sufficient number of unknowns in
fmn and c¢ to allow to obtain H () However we will see that the fmn are overdetermined
but they admit a unique consistent solution. We now expand the exponential in (E.1]) to
the sixth order. Here we write the expressions obtained after the integrations over the link

variables in (E.)

H = - (¢*fiar + g* fias + ¢° f3a3) (E.5)
2
3 44 94 f12a1
el 4 J (Aazl
+4! 19 ( a1+a2)+{2 5

1
+ $f3fi396 [12a1 — 12ay + 4az + 6(—t1 + to — t3)]

N | —

6
+ 1B (i —ta+ ) +

1
+ §g3f16 (40(a3 — 6ay + 15a1) + 15(t; + ta — t3))

2 4 ] ;
{96%%(—4(11 +ag) + ¢° <%) (%) }

To obtain the above equation we have used various identities from Appendix F and per-

+

formed similar manipulations as for the two loop case discussed in section 5. Note that
in (E), the non-local terms are written in curly bracket. They correspond to the ex-
ponentiation of the lower order terms. For instance the first term in the curly brackets
correspond to the exponentiation of the one-loop term g2 fZa;/2. Similar arguments hold
for the other non-local terms. Therefore on exponentiating, as in (E.I), we will obtain a
local Hamiltonian.

We will now deal only with the local terms and impose the condition that the local
terms organize themselves to be the anomalous dimensions Hamiltonian to 3-loops given
in (E.J). Note that the coefficient of ¢; for the anomalous dimension at 3-loop is zero, this
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implies the following equation for the couplings

f30 <f2o> B
1-— 12— 12 =0. E.6
fio fo (E5)

We also have the condition that the coefficient of ag is twice the coefficient of to, this leads
to the following equation

12<f30> +4f_5;’(]+_ 12@_12 <f20> + 1. (E.7)
flO 10 3 f10 fl(]
Combining (E-§) and (E-7) we obtain a quadratic equation for the ratio fso/f3p-
12 <f3°> —20@+——0 (E.8)
flO flO
fao _ 5421
o 6

Among the two roots we choose the latter one as that ensures the ratio faq/ f120 to be real.
Substituting this in (E-) we obtain

f20 2_2\/5—9
() -2

There are two further conditions to be met so that the result of the integrations over the

(E.9)

link variables result in the anomalous dimension to 3-loops: (i) The ratio of the coefficient
of the g2 term to that of as in the g* term must be one; (ii) the ratio of the coefficient of
the t5 to that of the g? term also should be one. These two conditions ensure that three
loop anomalous dimension is obtained upto an overall scaling constant ¢ = f120 /2 in the
exponential of ([E.1) These conditions give two independent equations for the coupling fio
which admit a common solution. The first condition gives

L_<@>2+1_@
f2 o 4 6

while the second condition gives

f30 <f10>2 1 1 <f20>2 1
65 —6|\—) +t35)==\|\7=) +7]: E.11
( o f20 2 2% \\ff 4 ()
11
2 fio
Substituting the equation ([E.) in the left hand side of the first line we obtain the consis-

tency condition
f30_< 1 )2 (F.12)
o \fo/) - '
This condition is clearly satisfied by the solution in latter solution in (E.§) and (E.L1). We
now can easily fix the remaining constants f11, fi2, fo1 by requiring BMN scaling. Though

(E.10)

we have obtained the anomalous dimensions to three loop, the model in ([E.1) is not entirely
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satisfactory. This is because we do not have a principle to determine the constants f,,, fur-
ther more we have not taken the modified commutation relations of section [. into account.
Taking this into account might change the values of the f,,’s found in this appendix.

F. Properties of bilinears in the SU(2) sector

We define a oscillator bilinear of length [ to be given by

Agl) = PsPs+l = Oélaerl + 6sﬁ;r+1- (Fl)

Then the various commutation relations which are required to obtain the anomalous di-

mension Hamiltonian upto three loops are given by

(AWM, AT = 54 (Ne = NP — (N2}, = N2,y)) = 66, (F.2)
(Fot1 + 01 — 204) AT,
AL, AV) = 6,114 — 8,011A7,
= Gpy1. AP 6, o AP

s+1,tAgl) - 5stAg1421a

One also can obtain other commutation relations by taking the Hermitian conjugates of
the above.

The identities below relate the bilinears to Pauli matrices, these relations are always
valid on physical states which satisfy the U(1)z constraint. Let us define then we have

—

AVADY = —(1 =0y - 044),

S S

N | DN

Agl)TAgl) = _(1 —O0s Uerl)a

1
A(sQ)Agl)TAg?J{ = —=(1 =05 0s5+2)(1 — 0541 0542),

4
AZLADADT = 21— 0011 0013)(1 = 04 0013,
AgQ)AgzzAgg)T = %(1 — 0541 0s42)(1 — 05 - 0543),
ADTADAL, = 2(1- 0, 0ui2) (1= 00t - 0usa),
AQIAS)TA?) = i(l — 0541 0s543)(1 — 05 - 0543),
AP AN A® = —i“ — 00 0a2)(1 = 0s - Oap3). (F.3)

In all the above equations and the remaining equations summation over the site label s is
implied. The identities below relate 4 bilinears to quartic terms in Pauli matrices which
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are are different sites. We first define the various quartic terms in Pauli matrices

t1 = (1 —05-0541)(1 — 0512 0543), (F.4)
ly = (1 —O0s - Us+2)(1 —Os+41° O'5+3),
i3 = (1 —O0s Js+3)(1 — Os41 Us+2)-

We have the following identities
1

AZLAPTAD AL e = 2(t3 — t2 — 1),
AD ADT AW ADE 410 — g_tg Fty—t). (F.5)
We also have the following identity
AP AN, AT AGT 4 4D 4,ATAPT = 0. (F.6)

Note that in all manipulation whenever the Gauss law G5 occurs at either the extreme left
or right of a string of bilinears one can set that term to zero as it vanishes on any physical
state. Also whenever higher A;A; or higher powers and ALAL or higher powers occur at
either the extreme left or right that term can be set to zero as one can easily verify it
vanishes on any physical state.
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